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For in much wisdom is much grief, and he
that increases knowledge increases sorrow.

Ecclesiastes 1:18

Of making many books there is no end, and
much study is a weariness of the flesh.

Ecclesiastes 12:12






Preface

The title of this book, Fundamentals of Algebraic Topology, summarizes its aims
very well.

In writing this book we have attempted to provide the reader with a guide to the
fundamental results of algebraic topology, but we have not attempted to provide an
exhaustive treatment.

Our choice of topics is quite standard for an introductory book on algebraic
topology, but a description of our approach is in order.

We begin with a short introductory chapter, with basic definitions. We assume
the reader is already familiar with basic notions from point-set topology, and take
those for granted throughout the book.

We then devote Chap. 2 to the fundamental group, including a careful discussion
of covering spaces, van Kampen’s theorem, and an application of algebraic topology
to obtain purely algebraic results on free groups. In general, algebraic topology
involves the use of algebraic methods to obtain topological information, but this
is one instance in which the direction is reversed.

We then move on to discuss homology and cohomology. Here we follow the
axiomatic approach pioneered by Eilenberg and Steenrod. In Chap. 3 we introduce
the famous Eilenberg-Steenrod axioms. Indeed, in this chapter we consider arbitrary
generalized homology theories and derive results that hold for all of them. Then,
in Chap.4, we specialize to ordinary homology theory with integer coefficients,
and derive results and applications in this situation, still proceeding axiomatically.
Of particular note are such important results as the Brouwer fixed point theorem
and invariance of domain, which follow from the existence of a homology theory,
not from the details of its particular construction. Also of particular note is our
introduction of CW complexes and our development of cellular homology, again
from the axioms.

Of course, at some point we must show that a homology theory actually exists,
and we do that in Chap.5, where we construct singular homology. We deal with
the full panoply here — homology, cohomology, arbitrary coefficients, the Kiinneth
formula, products, and duality.

Manifolds are a particularly important class of topological spaces, and we devote
Chap. 6 to their study.
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viii Preface

Finally, in Chap. 7 we give a short introduction to homotopy theory.

Arguments in algebraic topology involve a mixture of algebra and topology. But
some arguments are purely algebraic, and, indeed, algebraic topology spawned a
new branch of algebra, homological algebra, to deal with the algebraic issues it
raised. While it is not always possible to completely separate the topology and the
algebra, in many instances it is. In those instances, we find it advantageous to do so,
as it better reveals the logical structure of the subject. Thus we have included the
basic algebraic constructions and results in an appendix, rather than mixing them in
with the rest of the text.

In our discussion of Poincaré duality on manifolds, we need some basic facts
about bilinear forms, and we summarize them in a second appendix.

Algebraic topology also spawned the language of categories and functors. We
have tended to avoid this language in the text, as it is mostly (though not entirely)
superfluous for our purposes here. But it is illuminating language, and essential for
students who wish to go further, and so we have included a third appendix that
introduces it.

There are several points we wish to call the reader’s attention to. The first is that
we have not felt compelled to give the proofs of all the theorems. To be sure, we
give most of them (and leave a few of them as exercises for the reader), but we
have omitted some that are particularly long or technical. For example, we have not
proved van Kampen’s theorem, nor have we proved that singular homology satisfies
the excision axiom. The second is that we have not always stated results in the
maximum generality. For example, in developing products in homology and coho-
mology we have restricted the pairs of spaces involved, and the coefficients of the
(co)homology groups, to the situations in which they are most often used in practice.

The third is that we have hewed to the axiomatic foundations of the subject. Since
its inception over a century ago, algebraic topology has built a vast superstructure
on these foundations, a superstructure we hope the student will go on to investigate.
But we do not investigate it here. For example, we say very little about techniques
for computing homotopy groups.

However, we provide a short bibliography where the reader can find the material
we omit, as well as material that is beyond our scope. (In other words, the reader
who wants to see this, or wants to study further in algebraic topology, should consult
these books.)

Our notation and numbering scheme here are rather standard, and there is little
to be said. But we do want to point out that we use A C B to mean that A is a subset
of Band A C B to mean that A is a proper subset of B.

Lemmas, propositions, theorems, and corollaries are stated in italics, which
clearly delimits them from the text that follows. Similarly, proofs are delimited by
the symbol O at the end. But there is usually nothing to delimit definitions, examples,
and remarks, which are stated in roman. We use the symbol ¢ at the end of these for
that purpose.

Bethlehem, PA, USA Steven H. Weintraub
October 2013
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Chapter 1
The Basics

1.1 Background

As this is a book on topology, all spaces will be topological spaces, and all maps (i.e.,
functions) will be continuous. Basic topological spaces we will consider include:

R"  n-dimensional Euclidean space

D" the closed unit disk in R”

D" the open unit disk in R”

§"~1 the unit sphere in R”

S'  the unit circle in C

I theinterval [0, 1]

* the space consisting of a singe point

0 the empty space

A pair (X,A) consists of a space X and a subspace A. We let f : X — Y denote a
map from the space X to the space Y. Similarly, we let f: (X,A) — (¥,B) denote a
map from the pair (X,A) to the pair (¥,B), i.e., amap f : X — ¥ whose restriction
is f|A: A — B, or more simply, amap f : X — Y with f(A) CB.

For most purposes we can identify the pair (X,0) with the space X. For example,
with this identification, we could simply have defined f : (X,A) — (¥, B) and then
the definition of f : X — Y would just have been a special case. (But this logical
economy would have been at the expense of clarity.)

A homeomorphism f : X — Y is a continuous map with a continuous inverse
g:Y — X, and a homeomorphism f : (X,A) — (Y,B) is defined similarly.

© Springer International Publishing Switzerland 2014 1
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2 1 The Basics

In this situation the spaces X and Y, or the pairs (X,A) and (Y,B), are said to
be homeomorphic, which we write as X = Y or (X,A) ~ (Y, B). As basic examples
we have:

D'~ R"
D'/ sn,

Here, as usual, for a pair (X,Y) we let X/Y denote the quotient space (of course
with the quotient topology). We also have the homeomorphism

f:00,1/({oru{1}) — '

given by f(¢) = exp(2mit), which we will often be (implicitly or explicitly) using.
Given two spaces X and Y, we let X x Y be their product (of course with the
product topology). We define the product of two pairs by

(X,A)x (Y,B)= (X xY,X X BUA XY).

1.2 Homotopy

The basic relation studied in algebraic topology is that of homotopy.

Definition 1.2.1. Two maps fp : (X,A) — (¥,B) and f; : (X,A) — (Y,B) are
homotopic, written fy ~ fi, if there is a map

F:(X,A)xI—s (Y,B)

with F(x,0) = fo(x) and F(x,1) = fi(x) for every x € X. O

Note that F : (X,A) x I — (Y,B) is equivalent to F : X — Y with f(a,r) € B for
everyac€Aandzs € 1.

It is psychologically very helpful to think of r € I as “time” and f; : (X,A) —
(Y,B) by fi(x) = f(x,t) being “f at time ¢”. With this notion, a homotopy is a
deformation through time of fj into fj. It is important to note that while each f; must
be continuous, the condition that F' be continuous is stronger than that. For example,
the maps fj : {0,1} — {0,1} given by fo(0) =0 and fo(1) =1, and f; : {0,1} —
{0,1} given by f1(0) = f1(1) = 0 are not homotopic, but F : {0,1} x I — {0,1}
defined by f(x,7) =0if (x,#) # (1,1) and F(1,1) = 1 has each f; continuous.

Lemma 1.2.2. Homotopy is an equivalence relation.

Proof. Reflexive: f is homotopic to f via the homotopy of waiting (i.e., changing
nothing) for one unit of time.
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Symmetric: If f is homotopic to g, then g is homotopic to f via the homotopy of
running the original homotopy backwards in time.

Transitive: If f is homotopic to g and g is homotopic to &, then f is homotopic
to & via the homotopy of first doing the original homotopy from f to g twice as
fast in the first half of the interval of time, and then doing the original homotopy
from g to & twice as fast in the second half of the interval of time. a

We have a closely allied definition.

Definition 1.2.3. Two maps fy: X — Y and f; : X — Y are homotopic rel A, where
A is a subspace of X, written fy ~4 f1, if there is a map

F:XxI—Y

with F(x,0) = fo(x), F(x,1) = fi(x) for every x € X, and also F(a,t) = fo(a) =
fi(a) foreverya € A and every ¢ € I. O

In other words, in a homotopy rel A, the points in A never move under the
deformation from fy to f;. By exactly the same logic, homotopy rel A is an
equivalence relation.

Similar to the relationship of homotopy between maps there is a relationship
between spaces.

Definition 1.2.4. Two pairs (X,A) and (Y, B) are homotopy equivalent if there are
maps f: (X,A) — (Y¥,B) and g : (Y,B) — (X,A) such that the composition gf :
(X,A) — (X,A) is homotopic to the identity map id : (X,A) — (X,A) and fg:
(Y,B) — (Y, B) is homotopic to the identity map id : (Y,B) — (Y, B). O

As a special case of this we have the following.

Definition 1.2.5. A subspace A of X is a deformation retract of X if there is a
retraction g : X — A (i.e., amap g : X — A with g(a) = a for every a € A) such
that g is homotopic to the identity map id : X — X. A subspace A of X is a strong
deformation retract if there is a retraction g : X — A such that g is homotopic rel A
to the identity map id : X — X. O

Lemma 1.2.6. If A is a deformation retract of X then the inclusion map i : A — X
(defined by i(a) = a € X for every a € A) is a homotopy equivalence.

Example 1.2.7. Letus regard X : R" — {(0,...,0)} as the space of nonzero vectors
{veR"|v#0}. ThenA =S5""! = {v € R" | ||v|| = 1} is a subspace of X, and is a
strong deformation retract of X. The map

F:XxI—A
given by

F(v,t) = [vI'(v/1vID
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gives a homotopy rel A from the retraction fy(v) = v/||v|| to the identity map
i) =v. 0
We have the following common language, which we will use throughout.

Definition 1.2.8. Spaces X and Y that are homotopy equivalent are said to be of the
same homotopy type. %

Definition 1.2.9. A space X is contractible if it has the homotopy type of a point
*, or, equivalently, if for some, and hence for any, point xy € X, x¢ is a deformation
retract of X. O

Here is an important construction.

Definition 1.2.10. Let X be a space. The cone on X is the quotient space cX =
X xI/X x{1}. O

Example 1.2.11. For any n > 1, cS"~! is homeomorphic to D”. O
Lemma 1.2.12. For any space X, cX is contractible.

Proof. Let F : cX x I — cX be defined by

F((x,5),t) = (x,max(s,r)).

1.3 Exercises

Exercise 1.3.1. (a) Construct a homeomorphism 4 : D" — R
(b) Construct a homeomorphism /4 : D"/ R

Exercise 1.3.2. Let H be the “southern hemisphere” in S, H = {(x1,...,X,11) €
S" | xu+1 < 0}. Let p be the “south pole” p = (0,0,...,0,—1) € §". Show that the
inclusion (8", p) — (S",H) is a homotopy equivalence of pairs.

Exercise 1.3.3. Carefully prove that homotopy is an equivalence relation
(Lemma 1.2.2).

Exercise 1.3.4. Prove Lemma 1.2.6.

Exercise 1.3.5. (a) Prove that ¢S"~! is homeomorphic to D" (Example 1.2.11).
(b) The suspension XX of a space X is the quotient space X x [—1,1]/ ~, where the
relation ~ identifies X x {1} to a point and X x {—1} to a point.
Prove that £5"~! is homeomorphic to S".



Chapter 2
The Fundamental Group

One of the basic invariants of the homotopy type of a topological space is its
fundamental group. In this chapter we define the fundamental group of a space
and see how to calculate it. We also see the intimate relationship between the
fundamental group and covering spaces.

Throughout this chapter, all spaces are assumed to be path-connected, unless
explicitly stated otherwise.

2.1 Definition and Basic Properties

Definition 2.1.1. Let xy € X be a given point, called the base point. The fundamen-
tal group m (X ,xo) is the set of homotopy classes of maps

f1(81) — (X,x0)
with composition given by h = fg where

f(e*®) 0<6<

g(e¥®-m)) g <o <2nm.

h(e') =

Equivalently, 71 (X, xo) is the set of homotopy classes of maps

[ ({03 U{1}) — (X, x0)

© Springer International Publishing Switzerland 2014 5
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6 2 The Fundamental Group

with composition given by h = fg where

h(t) =

O

We give the equivalence explicitly. We let S' = {exp(2rit) | 0 < < 1} and note
that 1 = exp(2mi0) = exp(2mil). If £: (S',1) — (X,xo) is a map, then we obtain f :
(I,{0}U{1}) = (X,x0) by f(t) = f(exp(2mit)), andif £ : (I,{0}U{1}) = (X,x0)
is a map, then we obtain f : (S',1) — (X,xo) by f(exp(2rxit)) = f(t).

But in the sequel we will use this identification implicitly and will not distinguish
between f and f.

Lemma 2.1.2. The fundamental group m (X ,xo) is a group.

Proof. The identity element of this group is represented by the constant map i : S —
{xo} and the inverse of f: (S',1) — (X,xo) is represented by the map g : (S',1) —
(X,xo) given by g(e®) = f(e~9), 0 < 6 < 2 (i.e., the map that runs around the
image of S! in the opposite direction). a

It is convenient, though admittedly imprecise, to write that the constant path is
the identity element of 71 (X,xp), rather than that it represents the identity, and we
will often use this language.

As an abstract group, 7 (X, x) is independent of the choice of the basepoint x.
More precisely, we have the following result.

Lemma 2.1.3. Let xo,x1 € X. Choose a path ¢ from xy to x1, i.e., amap ¢ : 1 — X
with ¢(0) = xp and (1) = x1. Let ¢ : I — X be the map given by ¢(t)=¢@(1 —1),
0 <t < 1. Then there is an isomorphism @ : 7| (X ,x1) — 71 (X, xo) given as follows.
Let f: (I,{0} U{1}) — (X,x1). Then g = @(f) is given by

1

o (31) 0§t§§,

1 2

1) = 3r—1 - <tr< =

g = fG=1) <1<,
2

o(3r—2) §§t§1

Note that this isomorphism depends on the choice of ¢. Also, if we choose x| =
X0, then @ represents an element of 7, (X,xp), and then @ is the inner automorphism
of 71 (X,xo) given by ®(f) = @f¢ ', and conversely every inner automorphism of
71 (X, x0) arises in this way.

A map between spaces induces a map between their fundamental groups as
follows.
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Definition 2.1.4. Let f : X — Y with f(xo) = yo. Then the induced map f. =
m1(X,x0) — 71 (Y,y0) is defined as follows: Let g : (S',1) — (X,xo) represent an
element of m;(X,xp). Then fi(g) is the element of m;(Y,yo) represented by the
composition fog: (S',1) — (¥, o). O

It must be checked that f, is well-defined, i.e., independent of the choice of
representative g, but this is routine.

Clearly if f is a homeomorphism, then f; is an isomorphism. But we have a more
general result.

Theorem 2.1.5. Let f: X — Y with f(xo) = yo. If f is a homotopy equivalence,
then f. : m1(X,x0) — 7 (Y,y0) is an isomorphism.

Proof. Suppose that g : ¥ — X with g(yo) = xo, that gf : X — X is homotopic to
the identity rel xo, and that fg : Y — Y is homotopic to the identity rel yy. Then the
theorem is very easy to prove. But we are not making that strong an assumption,
and so the proof is trickier, but we still leave it to the reader. O

Corollary 2.1.6. Let X be a contractible space. Then (X ,xq) is the trivial group.

Proof. This is clearly true if X is the space consisting of the point x( alone, as then
every f:(S',1) — (X,xo) is the constant map to the point xo. Then it is also true for
X contractible by Theorem 2.1.5. a

Theorem 2.1.7. Let xy € X and yg € Y. Then w1 (X X Y, (x0,¥0)) is isomorphic to
the product 7, (X ,x0) x 71 (Y, ¥0).

Proof. Let p be the projection p : X XY — X and let g be the projectiong: X XY —
Y. It is easy to check that p. X g. : T (X X Y, (x0,¥0)) — 71 (X,x0) X 71 (Y, ¥0) is
a homomorphism. To show that it is onto, let f : (S',1) — (X,x0) represent an
arbitrary element o of 71 (X,xo), and let g : (S',1) — (¥,yo) represent an arbitrary
element B of m;(Y,yo). Let h = f x g: (S',1) — (X x Y), i.e., h(t) = (f(¢),2(¢)).
Then h represents an element y of 7y (X X ¥, (xp,v0)) and p. X g«(y) = a x B. To
show that it is one-to-one, let /2 : (S',1) — (X x Y, (x0,y0)) represent ¥ € 7y (X x
Y, (x0,¥0)) and suppose p. X g.(y) is the identity element of 7; (X,x0) % 71 (Y,¥0),
ie., that f = p(h): (S',1) — (X,x0) and g = g(h) : (S, 1) — (¥,yo) are both null-
homotopic. Let F : (S',1) x I — (X,xp) and G : (S',1) x I — (Y, y0) be homotopies
between f and the constant map to xy and between g and the constant map to yo,
respectively. Then H = F x G : (S',1) x I — X x Y is a homotopy between /4 and
the constant map to (xp,yo), so ¥ is the identity element of 7; (X X Y, (x9,y0)). O

Definition 2.1.8. The path-connected space X is simply connected if for some (and
hence any) point xy € X the fundamental group 7 (X, x) is trivial. O

We have yet to show that there are spaces X that are not simply connected. We do
that, and more, in the next two sections, where we develop techniques for calculating
fundamental groups.
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2.2 Covering Spaces

Definition 2.2.1. Let X and Y be arbitrary spaces, and let p : Y — X be a map.
Then Y is a covering space of X, and p is a covering projection, if every x € X has
an open neighborhood U with p~!(U) = {V;} a union of open sets in Y, and with
p|Vi : V; = U a homeomorphism for each i. Such a set U is said to be evenly covered
by p. O

Lemma 2.2.2. Let p:Y — X be a covering projection. Then

(i) Foreveryx € X, {p~'(x)} is a discrete subset of .
(i1) p is a local homeomorphism.
(iii) The topology on X is the quotient topology it inherts from Y via the map p.

We have defined covering spaces in complete generality. But in order to obtain a
relationship between covering spaces and the fundamental group, we shall have to
assume that both X and Y are path connected. Indeed, to get the best relationship we
shall have to restrict our attention even further. But for now we continue in general.

Example 2.2.3. (1) Let D be any discrete space. Then X x D is a covering space
of X, with the covering projection p being a projection onto the first factor.

(iia) Let p: R — S' be defined by p(t) = ¢2™". Then p is a covering projection.

(iib) Let n be a positive integer and let p : ' — S! be defined by p(z) = z". Then p
is a covering projection.

(iii) Let G be any topological group and let H be any discrete subgroup of G.
Then the projection p : G — H\G (the space of left cosets, with the quotient
topology) is a covering projection.

(iv) Let Y be any Hausdorff topological space and let G be any finite group that
acts freely on Y, i.e., with the property that if g(y) =y for any g € G and
any y € Y, then g is the identity element of G. Let G\Y be the quotient space
under this action, i.e., y1,y, € Y are identified in G\Y if there is an element
g of G with g(y;) = y», with the quotient topology. Note we are assuming
here that G acts on Y on the left. Then p : ¥ — G\Y is a covering projection.
More generally, let Y be any topological space and let G be any group acting
properly discontinuously on Y, i.e., with the property that every y € Y has a
neighborhood U such that if g(U)NU # 0, then g is the identity element of
G. (Note that such an action must be free.) Then p : Y — G\Y is a covering
projection.

Note that (ii) is a special case of (iii), which is in turn a special case of (iv). ¢
A covering projection p : Y — X has two important properties.

Theorem 2.2.4 (Unique path lifting). Let p:Y — X be a covering projection.
Let xy € X be arbitrary and let yy € Y be any point with p(yo) = xo. Let f : I — X
be an arbitrary map with f(0) = xo. Then f has a unique lifting f : I — Y with
f(0) = vo, i.e., there is a unique f : I — Y with f(0) = yo making the following
diagram commute:
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i

I —— X

Theorem 2.2.5 (Homotopy lifting property). Let p:Y — X be a covering
projection. Let E be an arbitrary space and let F : E X I — X be an arbitrary map.
Suppose there is amap f : E x {0} — Y such that pf(e,0) = F(e,0) for every e € E.
Then f extends to a map F : E x I — Y making the following diagram commute:

The homotopy lifting property is sometimes also called the covering homotopy
property.

As a consequence of these two theorems, we can now compute some fundamental
groups.

Theorem 2.2.6. Let Y be a path connected and simply connected space and let the
group G act properly discontinuously on Y on the left. Let X be the quotient space
X = G\Y. Then for any xo € X, m1(X,x0) is isomorphic to G.

Proof. Let p:Y — X be the quotient map. As we have observed, p is a covering
projection. Choose yo € Y with p(yo) = xo. Note that g — y, = g(yo) gives a 1-1
correspondence between the elements g of G and F = {y € Y | p(y) = x0}, and
under this correspondence y, = yg, where e is the identity element of G. For each
g € G, define f, : I — Y with f(0) =y and f;(1) = y,. Note that such a map, f,
always exists as we are assuming Y is path connected. Then f; = p( fg) is a map
fo 11— X with f,(0) = f4(1) = xo, so represents an element [f,] of 71 (X,x0). We
claim the map ¢ : G — (X, x0) by @(g) = [f] is an isomorphism.

(i) ¢ is well-defined. Suppose we have another map fg’, :1—Y with f;(0) = yo and
f3(1) =y,. Since Y is simply connected, f, and fé’, are homotopic rel {0, 1}, so
taking the image of this homotopy under p gives a homotopy between f; and
fé rel {07 1}’ SO [fg] = [fé/r] em (va())'

(i) ¢ is onto. Let o € m(X,x0) be arbitrary and let f : (1,{0,1}) — (X,x0)
represent ¢t. Then by Theorem 2.2.4 f lifts to f : I — ¥ with f£(0) = yo and
p(F(1)) = xo, i.e., f(1) = y, for some element g of G, and then by (i) we may
take f; = f. 50 (/) = g. ]

(iii) ¢ is one-to-one. Suppose that for some g € G, f, = 7(f;) represents the trivial
element of 7 (X,xo), i.e., it is null-homotopic rel {0, 1}. Then there is a map
F:Ix1— X with F(s5,0) = f,(s) = pfe(s) forevery s € I, F(0,t) = F(1,t) =
xp forevery ¢ € I and F (s, 1) = xp for every s € I. By Theorem 2.2.5, F lifts to
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F:1x1—Y with F(s,0) = f,(s) forevery s € I, and pF(0,1) = pF (1,t) = xq.

Now /g : I — Y by ho(t) = F(0,¢) is a pathin ¥, and /1p = F(0,0) = f,(0) = yo.

Also, pho(t) = xo for every 1, i.e., hig(t) € p~'(xo) for every 1 € I. But p~ (xo)
is a discrete space, so we must have /ig(¢) = 79(0) for every ¢, and in particular
ho(1) = ho(0) = yo. By exactly the same logic, if iy : I — Y by hy (1) = F(1,1),
we must have /1 (1) = &1 (0). Now £ (0) = F(1,0) = f(1) = y,. On the other
hand, F(s,1) is a constant path starting at xp, so by Theorem 2.2.4 lifts to a
unique path starting at £(0, 1) = yo. Obviously, the constant path at y is such
a lifting, so must be the only lifting, i.e., F(s,1) = yo for every s. In particular
F(1,1) = hy(1) = yo. But then yp = y, = g(0), and so g is the identity element
of G (as the action of G on'Y is free).

(iv) @ is a homomorphism. Let fg, : I — Y be a path from f;, (0) =y, to f, (1) =
Vg, and let fg, : 1 — Y be a path from f,, (0) =y, to fo, (1) =y, Let p(fe,) =
fe, and p(fq,) = fo,, and let o and oy be the elements of the fundamental
group 7; (X, xp) represented by f;, and f,,, respectively. Let 8 = o) 0. Then
B is represented by a loop f: (1,{0,1}) — (X,xo), which lifts to a path f :
(1,{0}) — (Y,y0), and f(1) = y, for some g € G. We must show that g = g g>.
But here is a path covering f: Let

o (21) 0<r<
=3
gl(fgz (2t— 1))

Note this is indeed a path as for = 1/2 we have

81(fer (2t = 1)) = 81([52(0)) = 81 (v0) =g, = Jes (1)

But then

e =F(1) = g1(fe, (1)) = 81(3g,) = 21(2(»)) = (8182) (V) = Vg1

S0 g = g1&> as claimed. a

Example 2.2.7. Let G=Z actonY =R by n(r) =r+n,n € G and r € R. Let
X = G\Y. Then X is homeomorphic to S!, so we see that 7 (S', 1) = Z. Note that
we may identify the covering projection p : ¥ — X with the covering projection in
Example 2.2.3(iia).

It is worth being completely explicit here. Let 7 : R — S! by n(¢) = exp(2mit).
Let d be an integer and let f; : I — R by f;(t) = dt. Then we have a commutative
diagram
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R
fa l”
LI

so fq=nfy: (I,d) — (S',1) represents d € m;(S',1) ~ Z. Note that under the
identification of 7 (X,x) with the set of homotopy classes of maps f : (S',1) —
(X,xo), the map f; is identified with the map z — z¢. (In particular, the identity map
from S! to itself represents a generator 1 € m;(S',1).) O

We will see additional examples in the next section.
Here is an important property of covering spaces, which is a generalization of
Theorem 2.2.4.

Theorem 2.2.8. Let p:Y — X be a covering projection and let yy €Y and xo € X be
points with p(yo) = xo. Let E be an arbitrary connected and locally path connected
space and let eg be a point in E.

Let f: (E,eq) — (X,x0) be a map. Then there is a lifting f : (E,eq) — (Y,v0) if
and only if

fe=(m(E,e)) € p«(m(¥,y0))

and, if so, f is unique.

(Since f = pf, the condition in the theorem is obviously necessary. The point of
the theorem is that it is sufficient.)

Definition 2.2.9. Covering projections p; : (¥1,y}) — (X,x0) and p, : (Y2,53) —
(X,x0) are equivalent if there is a homeomorphism f : (¥1,y)) — (Y2,y3) making
the following diagram commute:

(Y1,4) (Y2, 53)

(Xv 7;0) <>

Corollary 2.2.10. Let Y; and Y, be path connected and let p; : (Yl,y(l)) — (X,x0)
and p : (Y2,y3) — (X,x0) be covering projections. Then (Y1,y}) and (Y,y3) are
equivalent if and only if

(P1)« (T (Y1,50)) = (p2)«(m1 (Y2,35)).-

Definition 2.2.11. A covering projection 5 : X — X is a universal cover if for any
covering projection p: ¥ — X, pliftstoamapg: X — Y. %
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It is easy to check that in this case ¢ itself must be a covering projection, so we
have a tower of covering projections

ékz

S

Corollary 2.2.12. Suppose that X has a simply connected covering space X. Then
the covering projection p: X — X is a universal cover.

Definition 2.2.13. Let p: Y — X be a covering space with Y path connected. Then
the group of covering translations (or deck transformations) G, is the group of
homeomorphisms f : ¥ — Y making the following diagram commute:

Y %— Y
x /
X.
Lemma 2.2.14. Let yg be any point of Y. Then f € G, is determined by f(yo).

Corollary 2.2.15. G, acts properly discontinuously on'Y .

Definition 2.2.16. Let p : Y — X be a covering projection with Y path connected.
Letxg € X. For f: (I,{0,1}) — (X,x0) and y € Y with p(y) = xo, let f; : (1,0) —
(Y,y) be the unique lift of f given by Theorem 2.2.4.

Then Y is a regular cover of X if for each such f, either f,(1) =y for every y
with p(y) = xg or fy(1) # y for every y with p(y) = xo. O

Informally, Y is regular if either every lift of a loop is a loop, or no lift of a loop
is a loop. (It is easy to check that the condition of being regular is independent of
the choice of xg.)

Although some results are true more generally, henceforth we shall assume that
for a covering projection p : Y — X:

Hypotheses 2.2.17. (i) X is connected.

(ii) X is locally path connected, i.e., for any x € X and any neighborhood U of X,
there is an open neighborhood V- C U of x such that V is path connected.

(iii) X is semilocally simply connected, i.e., for any x € X and any neighborhood
U of X, there is an open neighborhood V. C U of x such that i, : m(V,x) —
m (U, x) is the trivial map, where i : V. — U is the inclusion.

(iv) Y is connected.
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Note that (i) and (ii) imply that X is path connected. Note that since p is a local
homeomorphism, properties (ii), (iii), and (iv) hold for Y as well, and in particular
Y is also path connected.

For example, we see that these hypotheses are satisfied for the covering
projections in Example 2.2.3(ii). (However, X may be connected without Y being
connected, as in Example 2.2.3(i).)

Definition 2.2.18. The degree of the cover is the cardinality of p~! (xo). O
Theorem 2.2.19. Under Hypotheses 2.2.17:

(1) To each subgroup H of m1(X,xq) there corresponds a covering projection p :
Y — X and a point yy € Y with p(yo) = xo such that

p«(m(Y,y0)) = H C m(X,x0)

and (Y,yo) is unique up to equivalence.

(ii) The points in p~'(xq) are in 1-1 correspondence with the right cosets of H in
71 (X, x0). Thus the degree of the cover is the index of H in (X ,x).

(iii) H is normal in m(X,xo) if and only if Y is a regular cover. In this case
the group of covering translations is isomorphic to the quotient group
T (XaxO)/H'

Remark 2.2.20. By Corollary 2.2.10, this is a 1-1 correspondence. O

Corollary 2.2.21. Under Hypotheses 2.2.17:

Every X has a simply-connected cover p : X — X, unique up to equivalence. X
is the universal cover of X, and X is the quotient of X by the group of covering
translations. Also, if Y is any cover of X, then X is a cover of Y.

Proof. This is a direct consequence of Theorem 2.2.19, and our earlier results,
taking H to be the trivial subgroup of 7; (X, xp). O

Remark 2.2.22. This shows that, in the situation where Hypotheses 2.2.17 hold,
the covering projection p : X — X from the universal cover X to X is exactly the
quotient map under the action of the group G, of covering translations, isomorphic
to 1 (X, xp), considered in Theorem 2.2.6.

The only difference is that we have reversed our point of view: In Theorem 2.2.6
we assumed G, was known, and used it to find 7 (X,x0), while in Theorem 2.2.19
we assumed 71 (X, x0) was known, and used it to find G,,. O

2.3 van Kampen’s Theorem and Applications

van Kampen’s theorem allows us, under suitable circumstances, to compute the
fundamental group of a space from the fundamental groups of subspaces.



14 2 The Fundamental Group

Theorem 2.3.1. Let X = X| UX; and suppose that X1, Xo, and A = X1 N X, are all
open, path connected subsets of X. Let xo € A. Then m(X,xo) is the free product
with amalgamation

T (X,x0) = 1 (X1,X0) *7, (,x) 1 (X2, %0)-

In other words, if i} : A — X; and i, : A — X, are the inclusions, then 7 (X,xg)
is the free product 7y (X1,x0) * 771 (X2,x0) modulo the relations (iy)s (o) = (i2)« ()
for every o € 1 (A, xp).

As important special cases we have:

Corollary 2.3.2. Under the hypotheses of van Kampen’s theorem:

(1) If Xy and X, are simply connected, then X is simply connected.
(ii) IfA is simply connected, then mi (X ,xo) = 71 (X1,x0) * 1 (X2,X0).
(iii) If X is simply connected, then m (X,xo) = m1(X1,x0)/{m1(A,x0)) where
(m1(A,x0)) denotes the subgroup normally generated by 1) (A,xp).

Corollary 2.3.3. Forn > 1, the n-sphere S" is simply connected.

Proof. We regard S" as the unit sphere in R"*!. Let X; = §” — {(0,0,...,0,1)} and
X, =5"—{(0,0,...,0,—1)}. Then X; and X, are both homeomorphic to D", so are
path connected and simply connected, and X; N X5 is path connected, as n > 1, so
by Corollary 2.3.2(i) S” is simply connected. a

Example 2.3.4. (i) Regard " as the unit sphere in R"*! and let Z, act on §", where
the nontrivial element g of Z, acts via the antipodal map, g(z1,...,zn+1) =
(—z1,..-,—2n+1)- The quotient RP" = S,,/7Z, is real projective n-space. Note
that p : S — RP? is the map from the space of two points to the space of one
point, and p : S' — RP! may be identified with the cover in Example 2.2.3(iib)
for n = 2. But for n > 1, by Corollary 2.3.3 and Theorem 2.2.6 we see that
m (RP”,)C()) = Zz.

(i) For n = 2m — 1 odd, regard $" as the unit sphere in C™. Fix a pos-
itive integer k and integers ji,...,j, relatively prime to k. Let the
group Z; act on S" where a fixed generator g acts by g(zi,...,zm) =
(exp(2miji /k)z1, ... ,exp(2Tijm/k)zm). The quotient L = L2~ (k; jy1,..., jm)
is a lens space. For m = 1 the projection p : $?"~! — L may be identified with
the cover in Example 2.2.3(iib) with (in the notation there) n = k. But for m > 1,
by Corollary 2.3.3 and Theorem 2.2.6 we see that 7 (L,xo) = Z. O

Example 2.3.5. Regard S' as the unit circle in C. Let n be a positive integer. For
k=1,...,nlet (S"); be a copy of S!. The n-leafed rose is the space R, obtained
from the disjoint union of (S')y,...,(S"), by identifying the point 1 in each copy
of S!. O

Let r € R, be the common identification point. Let (S'); be coordinated by (z)x,
and let it : (S')x — R, be the inclusion.
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Corollary 2.3.6. The fundamental group m (Ry,ry) is the free group on the n
elements oy = (iy)«(gx), where gy is a generator of m ((S")x, (1)x), fork=1,...,n.

Proof. We proceed by induction on n.

For n = 1 this is Example 2.2.7.

Now suppose that n > 1 and that the theorem is true for n. Write R, = X UX)
where:

(8DeU{(@)ns1 € (S)ut1 | Re(z) > 0},

{(2)k € (8" | Re(2) > 03 U(S") 1,

Then X; N X, is contractible. (It has the point 1 as a strong deformation retract.)
Also, X; has R, as a strong deformation retract, and X, has (S 1),,+1 as a strong
deformation retract. By the induction hypothesis 7 (R, rg) is the free group with

generators o, ...,0,, and by the n = 1 case m((S'),1,1) is the free group on
o1, S0, by Corollary 2.3.2(ii), 7 (R,41,70) is the free group with generators
op,...,0p41, so the theorem is true for n+ 1.

Thus by induction we are done.
Here is a picture for the case n = 3:

%@g@vx
o4

Xi1nX,

2.4 Applications to Free Groups

We now show how to use the topological methods we have developed so far to easily
derive purely algebraic results about subgroups of free groups.

Definition 2.4.1. A 1-complex is an identification space C = (V,E)/ ~ where V =
{vi} is a collection of points, the vertices of C, and E = {I;} is a collection of
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intervals, I = [0, 1], the edges of C, with 0 € E; identified with some v; and 1 € E;
identified with some v;, with C having the quotient topology. C is a finite complex if
it has finitely many vertices and edges. O

Example 2.4.2. (i) The n-leafed rose R, is a 1-complex with 1 vertex and n edges.
(il) An n-gon, i.e., a polygon with n sides, n > 3, may be naturally regarded as a
1-complex with n edges and n vertices. O

A subcomplex of C is a subset of C that is a complex, with vertices a subset of
V and edges a subset of E. A tree is a contractible 1-complex. A maximal tree in C
is a subcomplex of C that is a tree, and is maximal (under inclusion) among such
subcomplexes of C. It is easy to see that a maximal tree always exists, though it may
not be unique. Also, if C is connected, a maximal tree must contain all vertices.

Example 2.4.3. (i) An n-leafed rose has its single vertex as a maximal tree.
(ii)) The subcomplex obtained by deleting any edge is a maximal tree in an
n-gon. O

Theorem 2.4.4. Let C be a connected 1-complex, v a vertex of C, and T a maximal
tree in C. Then 1 (C,v) is a free group with generators in 1-1 correspondence with
the edges of C notin T. A generator is obtained from such an edge E as follows: Let
E have vertices vi, and v;,, respectively. Then the generator O is represented by a
loop in E that consists of a path in T from v to v;,, then E from v;, to v;,, then a path
inT fromv; backtov.

Note that this theorem generalizes Corollary 2.3.6 in the case of a finite 1-
complex, and can be proved in a very similar fashion. It remains true for infinite
1-complexes as well.

Corollary 2.4.5. Let H be a subgroup of a free group G. Then H is a free group.

Proof. Consider arose R whose edges are in 1-1 correspondence with the generators
of G. By Theorem 2.2.19, there is a cover R with 71 (R,7) = H. But it is easy to see
that, since a covering projection p : R — R is a local homeomorphism, R is a 1-
complex as well. But then 7| (R, ) is free by Theorem 2.4.4. O

Corollary 2.4.6. Let G be a free group on k elements and let H be a subgroup of G
of index n. Then H is a free group on (k— 1)n+ 1 elements.

Proof. We may consider G to be the fundamental group 7;(R,v), where R is a k-
leafed rose. Then H is the fundamental group of an n-fold cover 7 (R, 7). Now R
has 1 vertex and k edges, so R has n vertices and kn edges. Then a maximal tree T
in R has n — 1 edges so R has kn — (n— 1) = (k— 1)n+ 1 edges not in 7 and the
corollary follows immediately from Theorem 2.4.4. O

=D

a b
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Example 2.4.7. We consider the free group (a,b) on two generators a and b, which
we regard as the fundamental group of R»:

(i) We find all subgroups of index 2. These are fundamental groups of 2-fold
covers. We give “pictures” of these covers, with each curve or loop on the left
(resp. right), traversed in the direction of the arrows, projecting to a (resp. b).
Note that we have two choices of basepoint, giving us two possible subgroups,
which will be conjugate. But every 2-fold cover is regular (or every subgroup
of index 2 is normal), so the choice of basepoint does not matter. We give the
covers and the corresponding subgroups. Note each is a free group on three

generators.
(a,bab~!,b%) (a?,ab,b?) (a?,aba",b

(i) Similarly we find all subgroups of index 3 by finding fundamental groups
of 3-fold covers. We give similar pictures. In case the cover is regular, the
corresponding subgroup is normal, and we have listed it once, and noted that
fact. In case it is not regular, we have listed the different conjugacy classes
corresponding to the choices of different basepoints, from top to bottom. Note
each is a free group on four generators.

{a,bab™!,b%ab~1,b%) (a®,ab™",a?b"a"", a?b)
regular regular
(a3, ab,a*ba~",b%) ba~",aba~",b%)
regular regular
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(b*ab2,a?,ab®,b%)
(bab~',a%,ab,b)
(a, b a?b, b~ 1ab?b%)

(a®,abab~'a~ ", ab~ ", b3)
(a®,bab~",ab~",b%)
(b~la?b,a,b"'a 102, b°)

(a?,abab~ a1, b,ab?a")
(a?,bab~",a" "ba,b?)

(b~ 1a?b,a,b" a"'bab,b?)

2 The Fundamental Group

(a*ba™2,b%,ba?,a’)
(aba™",b%, ba,a’)

(b,a"'v?a,a"ba?, a®)

(b2, baba='b" 1, ba"1,a?)
(b2, aba=" ba=!, )

(a='0%a,b,a" 1012, a?)

(b2, baba'b~", a,ba?b 1)
(b?,aba", b~ ab,a?)

(a='0%a,a b~ Laba, a?)
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2.5 Free Homotopy Classes

The fundamental group 7, (X,xp) is, as a set, the set of homotopy classes of maps
(S',1) — (X,x0). These maps are based at xo. We now wish to study homotopy
classes of maps ' — X, known as free homotopy classes.

Theorem 2.5.1. Let X be a path connected space. Then there is a 1-1 cor-
respondence between conjugacy classes of elements of m(X,x9) and n(X) =
{homotopy classes of maps S* — X }.

Proof. Let @ : m(X,x0) — m(X) be the map given by “forgetting the basepoint”.

Claim: @ is onto. Proof: Let f : S' — X and let f(1) = x;. Choose a path from
Xxp to x; and let g be the loop at xy obtained by following this path from xj to x1,
then looping from x; to itself via f, and then following this path back from x; to xy.
A free homotopy between g and f is given by the following picture

t=1/3 t=2/3

Claim: If g, and g¢ are conjugate elements of 7y (X,xg), then f; = ®(g;) and
fo = @(go) are freely homotopic. Proof: Let g; = hgoh~' and let g; be represented
by o : I — X, where I is parameterized by s, with o following & for 0 < s < 1/3,
o following go for 1/3 < s <2/3, and a following A~! for 2/3 < s <1.LetA:
IxI— X by A(s,t) = (s +1/3) where s+1/3 is taken mod 1. Then A gives a
free homotopy between g and 3 : I — X with 3 following g for 0 < s < 1/3, 8
following A~! for 1/3 < s <2/3, and B following & for 2/3 < s < 1. But this map
is obviously homotopic rel basepoint to go.

Claim: If fi = ®@(g1) and fy = ®(go) are freely homotopic, then g; and g¢ are
conjugate elements of 71 (X, xg). Proof: Given a homotopy G between g1 and g we
have a map of the square into X:

g1

90



20 2 The Fundamental Group

Then the left-hand side, the top, and the right-hand side give a loop that represents
hgih~!. But this loop is homotopic rel basepoint to gg by a homotopy that deforms
those three sides of the square to the bottom as shown:

t=0 t=1/3 t=2/3 t=1

(That is, at time ¢ one traverses the heavy curve from the lower left up, over, and
down to the lower right as s goes from 0 to 1.) O

2.6 Some “Bad” Spaces

Every mathematical theory is best equipped to handle some kinds of mathematical
objects, which it considers to be “good”, and less well equipped to handle others,
which it considers to be “bad”. Algebraic topology is no exception, and we will
concentrate our attention on good spaces. But in this section we give a couple of
examples of bad ones.

Example 2.6.1. Let X be the subspace of R? consisting of the closed line segments
joining the points (1/7,0) to (0,1) for each positive integer #, and also the closed
line segment joining (0,0) to (0, 1). Give X the topology it inherits as a subspace of
R?. Then X is path connected but not locally path connected.

Let A be the subspace of X consisting of the closed line segment joining (0,0) to
(0,1). Then X and A are both contractible to the point (0, 1) by a homotopy leaving
that point fixed. It then follows that A is a deformation retract of X. But A is not a
strong deformation retract of X. O

Example 2.6.2. Let H be the subset of R? which consists of the union of circles
of radius 1/n centered at the point (1/1,0), n =1,2,3,.... Give H the topology it
inherits as a subset of R%. H is commonly known as the Hawaiian earring.

Let K; be the space which is the union of the closed line segments joining
the points of H to the point (0,0,1) in R® (where we regard R? C R? as usual),
topologized as a subset of R?. Note that K; is homotopic to the cone on H as defined
in Definition 1.2.10. K| is path connected and simply connected (as it is contractible)
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but is neither locally simply connected nor semilocally simply connected. Let K,
be the space obtained by reflecting K| through the origin, and let K = K; UK.
Then K; N K, = {(0,0,0)}, so K; and K, are both simply connected and K| N K is
connected. If K| and K, were open subsets of K, we could apply van Kampen’s
theorem to conclude that K is simply connected. But it is not. For example, a
loop starting at (0,0,0) that alternately winds around infinitely many circles of
ever-decreasing radii on the “right” and “left” sides of the origin, and winds up
at the origin, is not null-homotopic. Indeed, this loop is not even freely homotopic
to a constant loop. Also, although K is not simply connected, it has no covering
space other than K itself, so in particular does not have a simply connected covering

space. O

2.7 Exercises

Exercise 2.7.1. Prove Lemma 2.1.2.
Exercise 2.7.2. Prove Lemma 2.1.3.
Exercise 2.7.3. Prove Theorem 2.1.5.

Exercise 2.7.4. Give an example of a map p : Y — X satisfying the conditions in
Lemma 2.2.2 which is not a covering projection.

Exercise 2.7.5. Verify that the maps in Example 2.2.3 are indeed covering projec-
tions.

Exercise 2.7.6. Let X be a simply connected space. Fix xp, x|, two arbitrary points
atX.Let f:1— X and g:I— X with f(0) =g(0) =xp and f(1) = g(1) = x;. Show
that f and g are homotopic rel {0,1}.

Exercise 2.7.7. Prove directly the following special case of van Kampen’s theorem:
Let X be the union X = X; UX; of two open sets X; and X;. Suppose that X;, X,
and A = X; NX, are all path-connected. Suppose that each of X; and X, is simply
connected. Then X is simply connected.

Exercise 2.7.8. Prove parts (ii) and (iii) of Theorem 2.2.19.

Exercise 2.7.9. (a) Let C be a connected finite 1-complex. Show that the number
of edges n of C not in a maximal tree 7 is well-defined, i.e., independent of
choice of 7.

(b) Show that C is homotopy equivalent to the n-leafed rose R, for some n.

Exercise 2.7.10. Let p be a prime. Show that the free group (a, b) has exactly p+ 1
normal subgroups of index p.

Exercise 2.7.11. Find all 4-fold covers of the two-leafed rose, up to equivalence.
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Exercise 2.7.12. Let X be a path-connected space and let f : (X,xp) — (X,xo) be
a map. The mapping torus M of f is the identification space X x I/ ~ where (x,0)
is identified to (f(x),1). Let mq be the image of the point (xo,0) in M. Show that
T (Mg,mo) = 71 (X, x0) 711 (S') /tgt ' = f.(g), where ¢ is the generator of m; (S).

Exercise 2.7.13. Let G be a topological group (not necessarily abelian) with
identity element e. Let o € (G, e) be represented by f: (1,{0,1}) — (G, e) and let
B € m1(G,e) be represented by g : (1,{0,1}) — (G,e). Show that both o3 and B
are represented by i : (1,{0,1}) — (G, e) given by h(t) = f(¢)g(t). Note this implies
that 71 (G, e) is abelian, and also that o~ ! is represented by k : (1,{0,1}) — (G,e)
given by k(1) = (f(1)) .

Exercise 2.7.14. Let p(z) = a,z" + -+ - + ap be a polynomial of degree n > 0 with
complex coefficients. Let ¢(z) be the polynomial ¢g(z) = z". For a positive real
number r, let p,(z) = p(rz)/||p(rz)| and similarly for ¢,(z). Show that, for r
sufficiently large, p, : S' — S' and g, : S' — S' are homotopic.

Exercise 2.7.15. Prove the Fundamental Theorem of Algebra: Every nonconstant
complex polynomial has a complex root.

Exercise 2.7.16. Prove the claims in Example 2.6.1.

Exercise 2.7.17. Prove the claims in Example 2.6.2.



Chapter 3
Generalized Homology Theory

We begin by presenting the famous Eilenberg-Steenrod axioms for homology. We
then proceed by drawing (many) useful consequences from these axioms. At the end
of this chapter we introduce cohomology.

We defer showing that there exist a nontrivial homology theory satisfying these
axioms until later.

Throughout this chapter, unless otherwise stated, H;(X) and H;(X,A) denote
generalized homology groups (as defined below), and all results are valid for
generalized homology, not just ordinary homology.

3.1 The Eilenberg-Steenrod Axioms

A pair of spaces (X,A) is a topological space X and a subspace A. We identify the
space X with the pair (X,0).
Here are the Eilenberg-Steenrod axioms.

Definition 3.1.1. A homology theory associates to each pair (X,A) a sequence of
abelian groups {H;(X,A)};cz and a sequence of homomorphisms {9, : H;(X,A) —
H;_1(A,0)};cz and to each map f : (X,A) — (¥, B) a sequence of homomorphisms
{fi - Hi(X,A) — H;(Y,B)}cz satisfying the following axioms, which hold for all
values of i. (We abbreviate H;(X,0) to H;(X).)

Axiom 1. If f: (X,A) — (X,A) is the identity map, then f; : H;(X,A) — H;(X,A) is
the identity map.

Axiom 2. If f: (X,A) = (Y,B) and g : (Y,B) — (Z,C), and h is the composition
h=gof,h:(X,A)— (Y,C), then h; = g;o f;.

Axiom 3. If f : (X,A) — (Y,B) then the following diagram commutes, where f|A :
A — B is the restriction of f to A:

© Springer International Publishing Switzerland 2014 23
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(f|A);—
Hy 1(A) — 1 H; (B)

Axiom 4. The homology sequence (where the first two maps are induced by the
inclusions A — X and (X,0) — (X,A))

S H(A) — Hi(X) — Hi(X,A) 2 Hiy(A) —

is exact.

Axiom 5. If f: (X,A) — (Y,B) and g : (X,A) — (Y,B) are homotopic, then f; :
H;(X,A) — H;(Y,B) and g; : H;(X,A) — H;(Y,B) are equal.

Axiom 6. If U C A with the closure of U contained in the interior of A, and f :
(X-U,A-U)— (X,A) is the inclusion, then

fi:H(X—-UA-U)— H;(X,A)

is an isomorphism.

Axiom 7. If X is a space consisting of a single point, then

Hi(X)=0 fori#0. 0
Axiom 6 is known as excision, and it is convenient to reformulate it so as to
obtain a definition.
A couple of subspaces (A, B) of a space X consists of two subspaces A and B of
X, with no inclusion relations assumed.

Definition 3.1.2. Let (X,A) be a pair and let U be a subset of A. The inclusion (X —

U,A—U)— (X,A) is an excisive map if it induces an isomorphism on homology.
If A and B are subspaces of X, then (A, B) is an excisive couple if the inclusion

(A,ANB) — (AUB, B) is an excisive map. O

With this definition, Axiom 6 states that if the closure of U is contained in the
interior of A, then the inclusion (X —U,A —U) — (X,A) is an excisive map, or,
equivalently, that in this situation (X — U,A) is an excisive couple.

Axiom 7 is known as the dimension axiom, and the abelian group G = Hy(*) is
called the coefficient group of the homology theory.

Definition 3.1.3. A generalized homology theory is a theory satisfying Axioms 1
through 6. O
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When we wish to stress the difference between it and a generalized homology
theory, we will refer to a homology theory as an ordinary homology theory.

Our results in this chapter will apply to any generalized homology theory, so in
this chapter we let H;(X) or H;(X,A) denote a generalized homology group.

We are being careful by denoting the induced maps on homology by f; : H;(X) —
H;(Y), for example, but it is common practice to denote all these maps by f, so that
S+ 1 Hi(X) — H;(Y), and we shall sometimes follow this practice. (Sometimes the
profusion of indices creates confusion rather than clarity.)

We now introduce, for later reference, a properly that a generalized homology
theory may have.

Definition 3.1.4. A generalized homology theory is compactly supported if for any
pair (X,A) and any element o € H;(X,A) there is a compact pair (Xo,A0) C (X,A)
with o = j. () for some element o € H;(Xp,Ao), where j : (Xo,A9) — (X,A) is
the inclusion. O

3.2 Consequences of the Axioms

We first list some consequences of the axioms. Again, i is allowed to be arbitrary.

Lemma 3.2.1. (i) H;(0)=0.

(i) Let f : (X,A) — (Y,B) be a homotopy equivalence. Then f; : H;(X,A) —
H;(Y,B) is an isomorphism.

(iii) Suppose that A is a retract of X. Let j : A — X be the inclusion andr: X — A
be a retraction. Then j; : Hi(A) — H;(X) is an injection and r; : H;(X) — H;(A)
is a surjection. Furthermore,

H;(X) = Hi(A) ® Hi(X,A)
and
Hi(X,A) = Ker(rl-).

(iv) Let X be a space and let X, and X» be unions of components of X. Let j' : X| —
X and j* : X — X be the inclusions. Then j! + j? : Hi(X1) @ H;(X2) — H;(X)
is an isomorphism.

Lemma 3.2.1(ii) has the following useful generalization

Theorem 3.2.2. Let f: (X,A) — (Y,B) be a map of pairs and suppose that both f
X — Y and f|A : A — B are homotopy equivalences. Then f; : Hi(X,A) — H;(Y,B)
is an isomorphism for all i.

Proof. We have the commutative diagram of exact sequences:
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— H;(B) H;(Y) H;(YB) ——= H;_(B) —— 1Y) ——

The first, second, fourth, and fifth vertical arrows are isomorphisms. Hence, by
Lemma A.1.8, so is the third. O

It is convenient to formulate the following:

Definition 3.2.3. Let X be a nonempty space. Let f : X — * (the space consisting
of a single point). The reduced homology group

H;(X) =Ker(f; : Hi(X) — Hi(x)). o
Theorem 3.2.4. Let X be a nonempty space and let xo be an arbitrary point of X.
Then for each i,

(i) Hi(X) = Hi(X,x),
(i) Hi(X) = H;(xo) ® H;(X).

Proof. As xy is aretract of X, this is a special case of Lemma 3.2.1. a

Lemma 3.2.5. Let f: X — Y be a map. Then f induces well-defined maps f; :
H;(X) — H;(Y) for every i, where f; = f;|H;(X).

Proof. This follows immediately from the commutativity of the diagram

f

X———Y

NS

*

O

Remark 3.2.6. Note that f : X — Y does not induce f; : (X,x9) — (¥,yo) unless
yo = f(xp), so we must be careful with the isomorphisms in Theorem 3.2.4. If X and
Y are both path connected the situation is not so bad. For if Z is a path-connected
space and zg and z; are any two points in Z, the maps jo : {x} — {z0} C Z and
J1:{x} = {z1} C Z are homotopic, so the maps of these on homology agree, i.c.,
Hi(zo) and H;(z;) are the same subgroup of H;(Z). But if Z is not path connected,
this need not be the case (see Remark 4.1.2). O

We recall that if the closure of U is contained in the interior of A, then the
inclusion (X —U,A—U) — (X,A) is excisive. It is easy to see that this cannot
be weakened to the closure of U contained in A, and we give examples in
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Example 4.1.11. It also cannot be weakened to U contained in the interior of A.
Examples are harder to construct, but we give two in Example 5.2.8.

In practice, we often are in the situation where A is a closed set and we wish to
excise the interior of A, i.e., we wish to have the inclusion (X —int(A),dA) — (X,A)
be excisive. This is true if dA sits “nicely” in X. To be precise, we have the following
very useful result.

Theorem 3.2.7. (1) Letr A be a nonempty closed subset of X. Suppose that dA has
an open neighborhood C in A such that the inclusions (X —A)UC — X —int(A)
and dA — C are both homotopy equivalences. Then (X —int(A),dA) — (X,A)
is excisive.

(2) Let A be a nonempty closed subset of X. Suppose that dA has an open
neighborhood C in X — int(A) such that the inclusions A — CUA and dA — C
are both homotopy equivalences. Then (X —int(A),dA) — (X,A) is excisive.

Proof. (1) LetV =A—C.ThenV is a closed set in the interior of A, so (X —V,A—
V) — (X,A) is excisive. But X —V = (X —A)UC and A — V = C. By hypothesis
the first of these is homotopy equivalent to X —int(A) and the second of these
is homotopy equivalent to JA, so by Theorem 3.2.2 (X —int(A),0A) — (X,A)
is excisive.

(2) Note that int(A) is a set whose closure A is contained in the interior of C UA.
Thus (X —int(A),(CUA) —int(A)) — (X,CUA). But (CUA) —int(A) = C.
By hypothesis C is homotopy equivalent to dA and CUA to A, so again by
Theorem 3.2.2 (X —int(A),dA) — (X,A) is excisive. O

Remark 3.2.8. It is easiest to visualize this theorem by considering the following
pictures, where in (1) C is a “collar” of dA inside A, and in (2) C is a “collar” of A
outside A.

The way these situations most often arise is when when JdA is a strong
deformation retract of C. Note that in (2), when C is outside A, this is equivalent
to W = CUA being an open neighborhood of A having A as a strong deformation
retract. O

This theorem allows us to give two interpretations of relative homology.
Recall we defined cA, the cone on A, in Definition 1.2.10. The identification
space X Uy cA is the quotient space of the disjoint union of X and cA under the
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identification of a € A C X with (a,0) € cA. We let * denote the “cone point”, i.e.,
the point to which A x {1} is identified. Also, in the second half of the theorem,
X /A is the quotient space of X obtained by identifying A to a point, and we let
denote the point A/A.

Theorem 3.2.9. (1) Let A be a nonempty subset of X. Then for each i, H;(X,A) is
isomorphic to the reduced homology group H;(X UcA).

(2) Let A be a nonempty closed subset of X and suppose that A is a strong
deformation retract of some neighborhood W of A. Thus for each i, Hi(X ,A)
is isomorphic to the reduced homology group H;(X /A).

Proof. (1) We follow the idea of the proof of Theorem 3.2.7. Let V = {(a,s) | s >
%} so that V is a closed subset of X Uy cA which is contained in the interior of
cA. Then the inclusion (X UgcA) —V,cA—V) — (X U4 cA,cA) is excisive. But
there is a strong deformation retraction of the pair ((X Uy cA) — V,cA — V) to
(X,A), and a strong deformation retraction of cA to the point *, so we have an
isomorphism on homology, for every i, from H;(X,A) to H;(X U4 cA, *). But the
latter group is isomorphic to H;(X Uy cA).

(2) We have the following chain of isomorphisms, for each i:

Hi(X, ) H;(X,W)
H(X—-AW-A)
H(X/A—A/AW/A—AJA)
H;i(X/A,W/A)
H;(X/A,A/A) = Hi(X /A, *) = H;(X /A).

The first isomorphism is because the inclusion A — W is a homotopy equiva-
lence. The second isomorphism is ordinary excision (A is a closed subset of the
open set W). The third isomorphism is because there is a homeomorphism of pairs,
i.e., X — A is homeomorphic to X /A — A/A, this homeomorphism restricting to a
homeomorphismof W — A to W /A — A/A. The fourth isomorphism is again ordinary
excision, this time in the space X /A, as * = A /A is closed and is in the open set W /A.
By hypothesis, there is a strong deformation retraction from W into A in X, and this
descends to give a strong deformation retraction from W /A to A/A in X /A, yielding
the fifth isomorphism. O

It is the excision property that enables us to actually compute homology groups.
One of the most common ways it enters is the Mayer-Vietoris sequence.

Theorem 3.2.10 (Mayer-Vietoris). Let X = X; UXp, A = X| N Xy, and suppose
that the inclusion (X,A) — (X,X3) is excisive. Then there is a long exact sequence
in homology

S HIA) S Hi(X) B H(X) P Hi(X) L Hyy(A) — -
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Proof. We have the long exact homology sequences

o
— H,;(A4) _ H;(X,) ., H;(X,,A) . i—1(4) ———

L
—— Hi(X)) —2 Hi(X) —2 > Hi(X,X,) —— H;_|(Xp) ——

where by assumption € : H;(X|,A) — H;(X,X;) is an isomorphism. Then the
theorem follows by applying Theorem A.2.11. O

A triad of spaces is a triple (X,A,B) with A and B each subspaces of X. In this
situation we also have the following Mayer-Vietoris sequence.

Theorem 3.2.11. Let (X,A,B) be a triad and suppose that the inclusion (A,AN
B) — (AUB,B) is excisive. Then there is an exact homology sequence
- — Hi(X,ANB) — Hy(X,A) @ Hi(X,B) — Hi(X,AUB)
—)H,;l(X,AﬁB) —

Proof. Exactly the same as the proof of Theorem 3.2.10. O
Here is a construction that we will be using later.

Definition 3.2.12. Let X be a space. The suspension XX of X is the quotient space
of X x [—1,1] under an identification of X x {1} to a point ¢ and X x {—1} to a
different point c_. O

Note that the subspaces ¢+ X = {(x,5) € ZX | s > 0} and c_X = {(x,5) € ZX |
s < 0} are each homeomorphic to ¢X, the cone on X.

Also observe that any f : X — Y determines a map Xf : XX — XY defined by
Zf(x,s) =(f(x),s), xeX, se[—1,1].

Theorem 3.2.13. (1) For any space X there is an isomorphism, for any i,
X FI,'+1(ZX) — I:I,(X)

(2) Forany f:X — Y the following diagram commutes:
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Proof. We prove (1). We have the exact homology sequence of the pair (¢ X,X):
coo — Hip (e X,X) — Hi(X) — Hi(cy X) — -

Now c4 X is contractible to the cone point c, and furthermore there is a path in
c+X from c to any point xy of X. This implies that the inclusion of xy into X gives
a splitting of the map H;(X) — H;(c4+X), so this map is a surjection and the exact
homology sequence breaks up into a sequence of (split) short exact sequences

0— Hi1(c1X,X) — Hi(X) — Hi(x) — 0

and so H; 1 (c+X,X) is the kernel of the map H;(X) — H;(*), which by definition is
H;(X). But then by Theorem 3.2.9(2) H;, 1 (¢ X,X)=H;y1(c+X/X,X/X). But this
pair is homeomorphic to (XX, c_) (under the homeomorphism (x,s) — (x,2s — 1)).
Thus H;y1(c+ X, X)2H; 1(£X,c_)=H;,1(ZX) by Theorem 3.2.4. O

The exact homology sequence of a pair has a generalization to a triple.

Theorem 3.2.14. Let A and B be subspaces of X with B C A. Then there is an exact
homology sequence

- — Hi(A,B) — Hi(X,B) — Hi(X,A) 2> H;_1(A,B) — - .

Proof. We merely remark here that the boundary map in the sequence is the
composition

Hi(X,A) — H;-1(A) — H;i-1(A,B).

Otherwise, the result follows directly from Theorem A.2.12. a

Once we have the exact sequence of a triple, the proof of the Mayer-Vietoris
sequence goes through unchanged to give the following result.

Theorem 3.2.15. Let X = X; UX,, A = X| N Xy, and suppose that the inclusion
(X1,A) = (X,Xa) is excisive. Let B be an arbitrary subspace of A. Then there is a
long exact sequence in homology

—>H,‘(A,B) — H,‘(X1,B)@H,‘(X2,B) —>H,'(X,B) — H,;l(A,B) —

3.3 Axioms for Cohomology and Their Consequences

We now present the Eilenberg-Steenrod axioms for cohomology theory, and develop
the theory axiomatically. The development closely parallels that of homology theory
“with all the arrows reversed,” so we shall be brief.
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Definition 3.3.1. A cohomology theory associates to each pair (X,A) a sequence
of abelian groups {H'(X,A)};cz and a sequence of group homomorphisms {&" :
H'(A,0) — H"JFI(X,A)}I.GZ and to each map f : (X,A) — (¥,B) a sequence of
homomorphisms { ' : H'(Y,B) — H'(X,A)},_, satisfying the following axioms,
which hold for all values of i. (We abbreviate H'(X,0) to H'(X).)

Axiom 1. If f: (X,A) — (X,A) is the identity map, then f: H (X,A) — H'(X,A)
is the identity map.

Axiom 2. If f: (X,A) — (X,B) and g : (Y,B) — (Z,C) and h is the composition
h=gof, h:(X,A) — (Y,C), then hi = fiog'.

Axiom 3. If f : (X,A) — (Y,B) then the following diagram commutes, where f|A :
A — B is the restriction of f to A:

Hi(X,A) < Hi(x,B)

SHT T‘SH

i—1
mi-1a) SV gicp),

Axiom 4. The cohomology sequence
- e— H'(A) «— H'(X) +— H'(X,A) «— H" ' (A) +— -

is exact.

Axiom 5. If f: (X,A) — (Y,B) and g : (X,A) — (Y,B) are homotopic, then f :
H(Y,B) — H(X,A) and g' : H(Y,B) — H'(X,A) are equal.

Axiom 6. If U C A with the closure of U contained in the interior of A, and f :
(X-U,A-U)— (X,A) is the inclusion, then

fl:H(X,A) — H(X -U,A-U)

is an isomorphism.

Axiom 7. If X is a space consisting of a single point, then
H(X)=0 fori#0. o

We invite the reader to revisit the previous section and derive the analogs in
cohomology for the results stated there for homology. We shall merely state here a
few salient points.
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Definition 3.3.2. Let X be a nonempty space. Let f : X — * (the space consisting
of a single point). The reduced cohomology group

H'(X) = Coker (f*: H'(x) — H'(X)). o

Remark 3.3.3. Note that H;(X) is a subgroup of H;(X) while H*(X) is a quotient of

H{(X). O
We have the Mayer-Vietoris sequence in cohomology.

Theorem 3.3.4. Let X = X| UX,, A = X| N Xy, and suppose that the inclusion

(X1,A) = (X,X3) is excisive. Then there is a long exact sequence in cohomology

s — HI(A) «— H (X)) ®H (X)) «— H (X) «— H" ' (A) +— ---.

3.4 Exercises

Exercise 3.4.1. Prove Lemma 3.2.1.
Exercise 3.4.2. Show that Axiom 6 (excision) is equivalent to: If A and B are

subspaces of X with X =int(A)Uint(B), and g: (A,ANB) — (X, B) is the inclusion,
then

8i H,(A,AQB) —>H1(XaB)

is an isomorphism for each i.
In other words, the following two conditions are equivalent:

(a) (X —U,A) is an excisive couple whenever closure (U) C interior (A).
(b) (A,B) is an excisive couple whenever X = int (A) Uint(B).

Exercise 3.4.3. Prove the observations in Remark 3.2.8:

(1) If dA has an open neighborhood C in A with dA a strong deformation retract
of C, then the hypotheses of Theorem 3.2.7(1) are satisfied.
(2a) If JA has an open neighborhood C in X —int (A) with dA a strong deformation
retract of C, then the hypotheses of Theorem 3.2.7(2) are satisfied.
(2b) The hypothesis of (2a) is satisfied if and only if W = CUA is an open
neighborhood of A having A as a strong deformation retract.

Exercise 3.4.4. Prove Theorem 3.2.13(2).
Exercise 3.4.5. Prove that for any i and n, H;(S") is isomorphic to H;_,(*).

Exercise 3.4.6. Let A be a path-connected subspace of the path connected space X.
Show there is a long exact homology sequence

e —>HI(A) —)I:II(X) —>H,'(X,A) —)I:Iifl(A) —>H,',1(X) —
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Exercise 3.4.7. Let X be a nonempty space and let f : X — Y be a map. The
mapping cone Cy of f is the quotient space X x /UY / ~ where X x {0} is identified
to a single point and (x, 1) is identified to f(x), for each x € X. Show there is a long
exact homology sequence

--H,'(X) —>H,'(Y) — H,‘(Cf) —>H,;1(X) — H,;l(Y) —

Exercise 3.4.8. Let X be a space and xg a point of X. The reduced suspension o X
of X (at xp) is the quotient space of XX under the further relation that (xo,?) is
identified with (xo,0) for every ¢ € [—1,1]. Show that the quotient map ¢ : XX —
XyX induces isomorphisms ¢; : H;(ZX) — H;(2oX) for every i.

Exercise 3.4.9. Formulate and prove the analog of Lemma 3.2.1 for cohomology.

Exercise 3.4.10. Show that the proofs of Theorems 3.2.7 and 3.2.9 go through
unchanged to yield analogous results for cohomology.

Exercise 3.4.11. Formulate and prove the analog of Theorem 3.2.13 for
cohomology.



Chapter 4
Ordinary Homology Theory

In this chapter we continue to proceed axiomatically. We assume now that we have
an ordinary homology theory, i.e., one that satisfies the dimension axiom, and we
assume in addition that the coefficient group is the integers Z. Throughout this
chapter H,(X), or H,(X,A), will denote such a homology group.

There is one thing we need to be precise about. We have that Hy(x) = Z, where
* 1s the space consisting of a single point. We now choose, once and for all, a
space * consisting of a single point and an isomorphism of Hy(*) with Z. Given
this isomorphism we identify Hy(x) with Z. We use the notation 1, to denote the
generator of Hy(x) that we identify with the generator 1 € Z. In addition, if p is any
other space consisting of a single point, we have a unique map f : * — p including
an isomorphism fo : Hy(*) — Ho(p), and we let 1, = fo(1.).

4.1 Homology Groups of Spheres, and Some Classical
Applications

In this section we compute homology groups of spheres, and related matters. Given
our previous work, the computation is easy, but we will have to be careful. We then
use our results to easily derive some classical, and important, applications.

For ease of notation we set g = 1. € Hy(x).

Let X = 8 = {—1,1}. Then the map j : * — —1 induces a map jo : Ho(x) —
Hy(S°) and we set ¢ = jo(g). Also, the map k : * — 1 induces a map ko : Ho(*) —
Hy(S°) and we set p = ko(g). We let  : S° — * be the unique map.

Lemma 4.1.1. 1. Hy(S°) = Z® Z. More precisely, Hy(S°) = {mp+nq | m,n € Z}.
2. Hy(S°) = Z. More precisely, Hy(S°) = {n(q—p) | n € Z}.
3. H;(S%) = H;(s°) =0 fori #0.
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Proof. (1) Since {—1} and {1} are distinct components of S°, we have by
Lemma 3.2.1 that H;(S°) = H;({—1}) @ H;({1}). Since {—1} and {1} are both
spaces consisting of a single point, the maps j and k are isomorphisms on homology.
Now H;(*) = 0fori #0, so H;(S°) = 0 for i # 0, and as H;(S°) is subgroup of H;(5°),
H;(5°%) = 0 for i # 0 as well.

More interestingly, jo : Ho({*}) — Ho({—1}) and ko : Hy({*}) — Hp({1}) are
isomorphisms, so Hy({—1}) = Z is generated by g and Hy({1}) = Z is generated
by p.

Also, Hy(S%) = Ker(rg : Ho(S°) — Ho({*})). Now the composition {*} —
{—1} — {*} is the identity map so ro(q) = g and the composition {*} — {1} — {x}
is also the identity map so ro(p) = g as well.

Thus Ker (ry) is generated by g — p. O

Remark 4.1.2. Note that we have the excision isomorphism induced by the inclu-
sion ({1},0) — (S°,{—1}) and via this isomorphism we obtain Hy(S°,{—1}) =
Z is the subgroup generated by p. Similarly, ({—1},0) — (8°,{1}) is excisive,
giving the subgroup Hy(S°,{1}) = Z generated by ¢. Also, we have seen that
Hy(S%) = Z, generated by g — p. Thus these three subgroups, while isomorphic,
are not identical. O

Lemma 4.1.3. Fix a positive integer n.

1. Hy(S") = Z and Ho(S") = Z.
2. H,(S") 2 7.
3. H;j(S") =0 fori# 0,nand H;(S") = 0 for i # n.

Proof. Observe that for any k, ZS* is homeomorphic to S¥*1. Then, if X’ denotes X
applied i times, X’S* is homeomorphic to S*/. In particular X"S° is homeomorphic
to S". Then, by repeated applications of Theorem 3.2.13 (or, more properly, by
induction) and by Lemma 4.1.1, H;(S") = Z for i = n and 0 otherwise. The rest
of the lemma follows easily. O

Corollary 4.1.4. Fix a positive integer n. Then Hy(D",S" 1) 2 7 for i = n and 0
fori#n.

Lemma 4.1.5. For any n > 1, there does not exist a retraction from D" onto sl

Proof. If there were such aretraction r: D" — "~ ! then r would induce a surjection
ri  Hy(D") — H;(S"~1) for each i, by Lemma 3.2.1(iii).
But fori=n—1,H, 1(D") =0and H, {(S""!) = Z, so this is impossible. O

Theorem 4.1.6 (Brouwer fixed-point theorem). Let f : D" — D" be an arbitrary
map. Then f has a fixed point, i.e. there is an xy € D with f(xo) = Xo.

Proof. Suppose that f does not have a fixed point. Let 7 : D" — §"~! be the map
defined as follows:

For x € D", take the line segment from f(x) to x and prolong it until it intersects
§"=1 at some point x'. Then set r(x) = x’. The map r is a retraction from D" onto
§"~1._ But no such map can exist, by Lemma 4.1.5. a
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Theorem 4.1.7 (Invariance of domain). Let U be a nonempty open set in R" and
V be a nonempty open set in R™ and suppose there is a homeomorphism f :U — V.
Then m = n.

Proof. This is trivially true if m =0 or n =0, so we assume m > 1 and n > 1.

Although from a logical standpoint it is not necessary to begin with this special
case, the basic idea of the proof comes through most clearly if we first consider
the case U = R™, V = R". Thus suppose we have a homeomorphism f : R” — R".
Let y € R” be arbitrary and let x = f~!(y). Then we have a homeomorphism of
pairs f: (R™,R"™ — {x}) — (R",R" — {y}) which then induces an isomorphism on
homology f; : H;(R"™ ,R™ — {x}) — H;(R",R" — {y}) for each i. But, for k > 1,
H;(RF R¥ — {x})=0fori# k—1and =Z fori = k— 1, so we must have m — 1 =
n— 1 and hence m = n.

Now we prove the general case.

Choose a point y € V and let x = f~!(y). For some £ > 0, V contains a ball N of
radius € around y. Let M = f~'(N), so F : M — N is a homeomorphism. Now for
some 0 > 0, M contains a ball B of radius 6 around x. Let C = f(B), so that f : B— C
is a homeomorphism. Then f : (B,B—x) — (C,C —y) is a homeomorphism of pairs.
On the one hand, H;(B,B —x) = H;(R™,R™ — x) for every i. On the other hand, the
closure of N — C is contained in the interior of C —y, so by excision H;(C,C —y) is
isomorphic to H;(N,N —y) = H;(R",R" —y) for every i, so as in the special case,
m = n and we are done. O

Definition 4.1.8. Let f : S” — S" be a map. Then f induces f, : H,(S") — H,(S").
Since H,(S") = Z, f, is multiplication by some integer d. This integer d is the degree
of the map. O

We shall need the following result when we investigate real projective spaces.

Lemma 4.1.9. Let a : S" — S" be the antipodal map, i.e., a(xy,...,Xyr1) =
(=X1,...,—Xuy1). Then the degree of a is (—1)"+1.

Proof. We divide the proof into two cases.

Case I (nis odd, n =2m —1). Then we may regard S” as the unit sphere in C”,
anda:S"— S"isa(z,...,zm) = (—21,...,—2zm). But there is a homotopy between
the identity map on S" and a given by f;(z1,...,2m) = €™ (z1,...,2m) S0 a induces
the identity map on (reduced) homology.

Case 2 (n is even). First consider the case n = 0. Then a is the map which
interchanges the points —1 and 1 of S°. Hence the induced map on Hy(S°) takes
g to p and p to g. In particular it takes the class ¢ — p to the class p — g, so by
Lemma 4.1.1 it is multiplication by —1 on Hy(S°).

Now let n = 2m > 0. Then we may regard S" as the unit sphere in R x C",
and a: " — §" by a(x,z1,...,7m) = (=x,—21,.-.,—2zm). Let ' : " — S" by
a'(x,21,.-,2Zm) = (—x,21,.-.,Zm). Then there is a homotopy between &’ and a given
by fi(x,z1,....zm) = (—x,€™(21,...,zm)). But @ is just £"a, where o is the
antipodal map on S°, so deg(a) = deg(a’) = deg(c) = —1 by the n = 0 case. O
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Remark 4.1.10. We have many homology groups isomorphic to Z. Since Z has two
generators, there are choices of isomorphisms to be made, i.e, choices of generators.
We now observe that we can make these choices consistently. We shall call the
generators we choose the standard generators. We proceed inductively.

We choose the generator &) = g — p of Hy(S°), in the notation of Lemma 4.1.1.

Now suppose that, for n > 1, we have chosen 6,_1, a generator of I:In,l(S”’l).
We have o : H,(D",S" ') — H,_1(S"!) an isomorphism, and we let §, =
97!(8,-1). We have a homeomorphism of pairs f : (D",S3~") — (D",5"!) by

F(tryeosta /1= (34 +12)) = (t1,...,1,) and we let ;" = (f.) ' (8,). We have

maps
§"— (8",D") «— (D, 5571
inducing isomorphisms on homology
Hy(S") — Hy(S",D") «— H, (D'}, S571),

the right-hand map being an isomorphism by excision, and we let ¢, be the class in
H,(S") whose image is 8,". Finally, forn > 1, H,(S") — H,(S") is an isomorphism
on homology and we let G, be the inverse image of ;. O

We now give a pair of examples to show that the condition closure(U) C
interior (A) for (X —U,A—U) — (X,A) to be excisive cannot in general be
weakened to closure (1) C A.

Example 4.1.11. (a) LetX =[0,1] and A = {1}. Let U = {1}, a closed set.
Then U C A but the closure of U (i.e., U itself) is not contained in the interior
of A. Now (X —U,A—U) = ([0,1),0) and [0, 1) is homotopy equivalent to a
point, so in particular Hy(X —U,A — U) = Z. On the other hand, the inclusion
A — X is a homotopy equivalence so it induces an isomorphism on homology
groups, and so in particular Hy(X,A) = 0. Thus (X —U,A—U) — (X,A) is not
excisive.
(b) Here is a more interesting example along the same lines.
Fix n > 1 and let X = §". Let * denote an arbitrary point of $” and let U =
A= {x}.
As we have seen, H,(S") = Z, which readily implies H"(S",*) = Z. But
H"(S" — x,% —x) = H"(S" — %) = 0 as §" — x is contractible.
¢

4.2 CW-Complexes and Cellular Homology

In this section we introduce a class of spaces, CW-complexes, that are particularly
amenable to the methods of algebraic topology, as well as a kind of homology
theory, cellular homology, that is particularly useful in studying them.
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Definition 4.2.1. A space X is obtained from a subspace A by adjoining an n-cell
if there is a map f : S"~! — A, called the characteristic map or attaching map of the
n-cell, with X the identification space X = AUD"/ ~ where ~ is the identification
p € 8" 1 ~ f(p) € A, with the quotient topology. O

Remark 4.2.2. Observe that the obvious map D" — X restricts to a homeomorphism
from int (D") onto its image in X. O

Remark 4.2.3. Observe that if n = 0, then X is just the disjoint union of A and an
isolated point. O

Definition 4.2.4. A CW-structure on a space X is a union of subspaces
0=x"'cxcx'cx?’c...cx

such that, for each n, X" is obtained from X" ! by adjoining n-cells, i.e., for some
indexing set A,, and for each A € A,, there are maps f} : S’/{’l — X" with

x'=x"'u |J D}/ ~
AeA,

where ~ is the identification p € SK*I ~ f(p) € X", with X" having the quotient
topology, and furthermore

1. X =U,—oX".
2. X has the weak topology with respect to {X"}, i.e., A C X is closed if ANX" is
closed in X" for every n.

A space X with a CW-structure is called a CW-complex. If X is a CW-complex
and A is a subcomplex, the (X,A) is a CW-pair. O

Definition 4.2.5. The image of int(D}) in X is a cell, or, more precisely, an n-
cell. O

Remark 4.2.6. Observe that for A € A, the inclusion of int(D}) into X is a
homeomorphism onto its image. Also observe that if A,y € A,, A # U, then the
image of int(D") and int (DY, ) under these inclusions are disjoint.

Also, as a set, X is the disjoint union of its cells. O

Lemma 4.2.7. A CW-complex X has the following properties:

1. (Closure-finiteness) The closure of each cell in X intersects only finitely many
other cells in X.

2. (Weak topology) A subset A of X is closed if and only if the intersection of A with
the closure of every cell in X is closed in X.

Proof. (1) The closure of each cell is f (Dﬁ ), the image of a compact set, and hence
compact, and if (1) were false this set would have an infinite subset (one point from
each other cell) without an accumulation point, which is impossible. O
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Definition 4.2.8. If X = X" but X # X"~! then X is n-dimensional. If X has only
finitely many cells, then X is a finite complex. %

Example 4.2.9. 1. A discrete set of points is a 0-dimensional CW-complex.

2. A 1-complex as defined in Definition 2.4.1 is a 1-dimensional CW-complex.

3. For n > 1, §" has the structure of a CW-complex with one cell in dimension 0
and one cell in dimension 7.

4. Consider the inclusions $° C S' € §? C --- where §"~! is the “equator” in S,
separating S” into two “hemispheres”. This gives S” the structure of a CW-
complex with two cells in each dimension from 0 to n.

5. For n > 2, begin with the CW-structure on "1 the equator, with one cell in
dimension 0 and one cell in dimension n — 1, and obtain S” by attaching two
n-cells, the northern and southern hemispheres. O

Lemma 4.2.10. Let X be obtained from A by adjoining an n-cell. Then

Hi(X,A) = {f i;Z

Proof. LetC={xe€ D"||x| > 1/2}. Then C is a “collar” of A as in Remark 3.2.8,

i.e., A is a strong deformation retract of AUC. Thus H;(X,A) = H;(D",C) =

H;(D", 5" 1). O

Lemma 4.2.11. [. H;(X",X"~') =0 fori#n.

2. For each A € Ay, f3 : (DX,STI) — (X", X""1Y induces monomorphisms on
homology, and furthermore

H,(X" X" = @ (1) (Ha(D},S37).

AEA,

3. Hi(X")=0fori>n.

4. The inclusion X"~ — X" induces maps H;(X"~') — H;(X") that are isomor-
phisms except possibly fori=n—1,n.

5. There is an exact sequence

0 — H,(X") — H, (X", X" ) — H, (X" ') — H,_(X") — 0.
Proof. This is just an elaboration of Lemma 4.2.10.

Let (D”(%),S"’l(%)) be the pair consisting of the disk of radius % and its
boundary. Then the inclusions induce isomorphisms on homology

H. (D"(%),S”I (%)) . H, (D”,D” —D”(%)) S H.(D",S"Y).
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Let X' = X" 'UU, fa(D"—D*(3)) C X". Note that X"~! is closed and
contained in the interior of X’, and that X"~ ! is a strong deformation retract of X'.
Then we have a string of isomorphisms

s 2@ (21 (3) 57 (3))

~ (D H, <int(Dﬁ),int(Dﬁ) -0 (%))

A
~H, (Xn _anl,X/ _anl)
~ H,(X",X') 2 H.(x" X"
where the fourth isomorphism is excision.

This immediately gives (1) and (2). Then (3) follows by induction, and (4) and
(5) follow from the exact sequence of the pair (X", X" ). O

Corollary 4.2.12. [. Let m > n. Then the inclusion X" — X" induces isomor-
phisms H;(X") — H;(X") for i < n and an epimorphism H,(X") — H,(X").

2. If X is finite dimensional or H, is compactly supported, the inclusion X" —
X induces isomorphisms H;(X") — H;(X) for i < n and an epimorphism
H,(X") — Hy(X).

Proof. (2) Any compact subset of X is contained in X™ for some m (compare the
proof of Lemma 4.2.7). O

With this lemma in hand, we now define cellular homology.
Definition 4.2.13. Let X be a CW-complex. The cellular chain complex of X is
defined by
Gl (X) = Hy (X", X" )

with 9, : C(X) — €l (X) the composition

Ha(X" X" 1) 25 B, (X"Y) — Hy g (X710, X2, o

Lemma 4.2.14. C¢/(X) is a chain complex.

Proof. We need only check that d,_d, = 0. But this is the composition

Hy(X" X" V) L5 Hy (X" 1) — Hy g (X", X72)

2 Hy 5 (X"2) — Hy o (X2, X"3)
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and the middle two maps are two successive maps in the exact homotopy sequence
of the pair (X"~!,X"~2), so their composition is the zero map. 0

Definition 4.2.15. Let X be a CW-complex. Then the cellular homology of X is the
homology of the cellular chain complex C<!'(X) as defined in Definition A.2.2. ¢

Lemma 4.2.16. The group Cﬁe” (X) is the free abelian group on the n-cells of X. If
o is the generator corresponding to the n-cell D}, A € Ay, then d(04)) is given as
follows:

-1
n an—1 2} n—1 f,\\S;L n—1 n—1 yn—2
Hn(D)\aS)\ ) > n,l(S}\ ) > nfl(X ) ——— anl(X 7X )

w w
ol | o(ay)
Proof. This follows directly from Lemma 4.2.11 and its proof. O

We let Z¢&(X) denote Ker(dy,) : C<N(X) — €l (X) and B! (X) denote

Im (1) : C2N (X) — C¥ (X)), so that

HEN () = 26 () /B3 (X).

Theorem 4.2.17. Let X be a CW-complex. Suppose that X is finite dimensional or
that H, is compactly supported. Then the cellular homology of X is isomorphic to
the ordinary homology of X.

Proof. We begin with the following purely algebraic observation. Suppose we have
three abelian groups and maps as shown:

where

1. kis a surjection.
2. j is an injection; set Z*> = Im ().
3. There is a subgroup B*> C Z3 with j~!(B?) = Ker (k).

Then ko j~!:Z%/B* — H' is an isomorphism with inverse jok~!. To see this, note
that j : H? — Z3 is an isomorphism, so j~! : Z*> — H? is well-defined, and then we
have isomorphisms

1
73 /B L — H?/j'(B}) = H?/Ker (k) =~ H".

Note also that jok ™! is well-defined, as j(Ker (k)) = B>.
We apply this here to construct isomorphisms, for each n,

6, : H*(X) — H,(X).
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Consider

k

Hy(X) & H,(x") 22 |, (x",x"1)

with the maps induced by inclusion. We must verify the three conditions above.

We have already shown (1), that k, is a surjection, in Corollary 4.2.12. Also,
(2) is immediate from 0 = H,(X"~!) — H,(X") — H,(X", X" ). Let us identify
7? =Im(j,). We have

d,: HH(X",X”_I) o X Hn,I(X”_l) In S Hn,I(X”_l ,Xn—Z)

y |

Hn(Xn) 0= anl(Xn_z)

Then j,_ is an injection, so
Im (j,) = Ker(d) = Ker (j,_1 09) = Ker(d,) = 2= (X).

As for (3), we have

Note that H, (X" ™) — H,(X) is an isomorphism. Also, B, (X) = Im (d,41) =
Im(j, 00d) CIm(jy,). Then

(B (X)) = (1M (D)) = ' (Tm (jn9))
=Im(d) = Ker(l?n) Ker (k).

Thusif ©, =k, 0 j, ! we have an isomorphism

0,1 2" (X) /B! (X) = Hi(X) — Hy(X).
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Remark 4.2.18. Theorem 4.2.17 shows that the point of cellular homology is not
that it is different from ordinary homology. Rather, for CW-complexes (where it is
defined) it is the same. The point of cellular homology is that it is a better way of
looking at homology. It is better for two reasons.

The first reason is psychological. It makes clear how the homology of a CW-
complex comes from its cells.

The second reason is mathematical. If X is a finite complex, the cellular chain
complex of X is finitely generated. O

This inherent finiteness not only makes cellular homology easier to work with, it
allows us to effectively, and indeed easily, compute an important and very classical
invariant of topological spaces as well.

Recall that any finitely generated abelian group A is isomorphic to F & T, where
F is a free abelian group of well-defined rank r (i.e., F is isomorphic to Z") and T
is a torsion group. In this case we define the rank of A to be r.

Definition 4.2.19. Let X be a space with H;(X) finitely generated for each i, and
nonzero for only finitely many values of i. Then the Euler characteristic y(X) is

x(X)= Z(—l)irank H;(X).
i O
Theorem 4.2.20. Let X be a finite CW-complex. Then

x(X) = 2(—1)i -number of i-cells of X .

i

Proof. Let X have d; i-cells and suppose d; = 0 for i > n. We have the cellular chain
complex of X

0— X)) — (X)) — - — X)) — GN(X) —0
with Cl-Cell (X) free abelian of rank d;. But then it is purely algebraic result that

Y (=1)d; = ¥ (1) rank H{*! (X)

l

and by Theorem A.2.13 this is equal to y (X). O

Remark 4.2.21. Note in particular that x (X) is independent of the CW-structure on
X. For example, let X = S”. Then y(X) = 2 for n even and 0 for n odd. We have
seen in Example 4.2.9 three different CW-structures on X . In the first, X has a single
0-cell and a single n-cell. In the second, X has two i-cells for each i between 0 and n.
In the third, X has a single O-cell, a single (n — 1)-cell, and two n-cells. But counting
cells in any of these CW-structures gives y(X) =2 for n even and O for n odd. ¢

Remark 4.2.22. Let X be the surface of a convex polyhedron in R3. It is a famous
theorem of Euler that, if V, E, and F denote the number of vertices, edges, and faces
of X, then
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V—-E+F=2.

But X is topologically S? and regarding X as the surface of a polyhedron gives
a CW-structure on X with V O-cells, E 1-cells, and F 2-cells, so this equation is a
special case of Theorem 4.2.20.

For example, we may compute V — E + F for each of the five Platonic solids.

Tetrahedron: 4 —6+4 =2,

Cube: 8—12+6=2,

Octahedron: 6 — 12+ 8 =2,

Dodecahedron: 20 — 30+ 12 =2,

Icosahedron: 12 —304+20=2. O

Recall that we considered covering spaces in Sect.2.2. In general, if X is a
covering space X, there is no simple relationship between the homology groups of
X and the homology groups of X. There is, however, a simple relationship between
their Euler characteristics.

Theorem 4.2.23. Let X be a finite CW-complex. Let X be an n-fold cover of X.
Then y(X) = ny(X).

Proof. Given any cell decomposition of X, we may refine it to obtain a cell
decomposition so that every cell is evenly covered by the covering projection. Then
the inverse image of every cell is n cells, so the theorem immediately follows from
Theorem 4.2.20. O

Example 4.2.24. Let R be a k-leafed rose, and let Rbe any n-fold cover of R. Then R
has one O-cell and k 1-cells, so x (R) = 1 — k (which of course agrees with Hy(R) =7Z
and Hy (R) = Z¥). Then x (R) = n(1 —k). Now Hy(R) = Z (as by definition, a cover
is connected), so we must have

1 —rank H;(R) = n(1—k)

and hence H; (R) = 7"~ D+!_(Compare Corollary 2.4.6.) O
Definition 4.2.25. Let X and Y be CW-complexes. A cellular map f : X — Y is a
map f : X — Y with the property that f(X") C Y” for every integer n. O

Lemma 4.2.26. Let f : X — Y be a cellular map. Then for each i, f induces a map
f_cell . H»Ce”(X) N Hpell(y)'

Proof. By hypothesis, f induces a map H;(X",X"~') — H;(Y",Y""!) for each i
and n, and then it is easy to check this induces a map on cellular homology. a

Now given CW-complexes X and Y and a cellular map f : X — Y, we have f; :
H;(X) — H;(Y) and £ : Hel(X) — HE(Y). But we know that H*!(X) “agrees
with” H;(X) and that H!!(Y) “agrees with” H;(Y). We would thus hope that f¢°!
“agrees with” f;, and that is indeed the case.
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Theorem 4.2.27. Let X and Y be CW-complexes and let f : X — Y be a cellular
map. Then the following diagram commutes:

el (xy —2 o my(x)
K3 (2

fzre/l l \L fi

, o,
H{M(Y) ——— H;(Y)

Proof. This follows easily from the commutativity of the diagram

Hy(X™ 1) —— Hy(X") —— H;(X",X")

| | |

Hy(Y" ) —— H;(Y") —— H;(Yy",Yy")

where the vertical maps are all induced by f. O

This theorem, together with the following theorem, known as the cellular
approximation theorem, which we shall not prove, enables us to always use cellular
homology to compute maps on homology between CW-complexes.

Theorem 4.2.28. Let f : X — Y be an arbitrary map, where X and Y are CW-
complexes. Then f is homotopic to a cellular map.

Remark 4.2.29. All of this generalizes in a completely straightforward way to CW-
pairs (X,A), where X is a CW-complex and A is a subcomplex, with chain groups
CeN(X,A) = Hy(X"UA, X" UA)
and boundary maps
H,(X"UA, X" 'UA) — H, (X" 'UA) — H, (X" "UA,X"2UA),
and C&!'(X,A) is isomorphic to the free abelian group on the n-cells of X that are
not contained in A. O

Let us see that for cellular homology we have a strong form of excision.

Theorem 4.2.30. Let (X,A) be a CW-pair and let U C A be such that (Y,B) =
(X —U,A—U) is a CW-pair. Then the inclusion (Y,B) — (X,A) is excisive for
cellular homology.

Proof. First observe that the hypothesis on U implies that U is a union of open cells
of A. Let F;, be the free abelian group on the n-cells of X that are not contained in
A, which are exactly the n-cells of Y that are not contained in B. Then we have a
commutative diagram
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H,(Y"UB,Y " 'UB) —= H, ((Y"'UB) — H, ,(Y"'UB,Y "2UB)

Fy / \ Fpy
\ /

H,(X"UAX""WA) —= H, (X" '"UA) — H, (X" "UA, X" 2UB)

giving an isomorphism between the chain complexes C¢!' (Y, B) and C*"'(X,A), and
hence an isomorphism between their homology groups. O

Recall that we defined the degree of a map f : S” — §” in Definition 4.1.8. With
the use of cellular homology, we now show the following result. (Note this holds for
any ordinary homology theory with Z coefficients as a consequence of the axioms.
In the next chapter we will prove it for singular homology theory with Z coefficients
by an entirely different geometric idea.)

Theorem 4.2.31. Let d be any integer. Then for any integer n > 1, there exists a
map of f: 8" — S" of degree d.

Proof. We prove this by induction on n. This is an argument where the base case
n =1 is the hardest, and the induction step is easy.

We claim that f : S' — S' by f(z) =z is a map of degree d, where we regard S'
as the unit circle in the complex plane.

We now proceed to prove this claim.

Instead of working with S' directly it is easiest to first work with the interval
1=0,1]. We have w: (I,dI) — (S',1) by w(t) = exp(2mxit) and we know w induces
an isomorphism on homology w.. : Hy (I,d1) — H1(S',1) = H;(S'). (Indeed, w is a
cellular map where I has the CW-structure with two 0-cells, the points of dI, and
a single 1-cell ¢, and S' has the CW-structure with a single O-cell 1 and a single
1-cell.)

Let ¢ be the generator of H;(I,dI) with dc = {1} — {0}. We now give I a new
CW-structure with O-cells py = k/d, k =0,...,d, and 1-cells I; the subinterval
[Pk—1,p), k= 1,...,d. We let ¢, be the generator of Hj(Iy,dl;) with dc; =
Pr— Di—1- It is then easy to compute that ¢ + - - - + ¢, is the generator of H, (I,d1)
with d(c1 +-+-+c4) ={1} —{0},s0¢c1 +---+cg=c € H(I,0]).

Let ¥ = w.(c) be a generator of S'. (In fact y = oy is the standard generator.)
Then

y=wi(c) =wilc1+-+ca) =wi(cr) + - +wilca)
SO

[e(V) = fows(er) + -+ fowilca) = (fw)«(e1) -+ (fw)«(ca)-
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Now for k =1,...,d, let vy : Iy — I by v(t) = d(t — (k—1)/d). Then vy :
(It, d1y) — (1,0I) with d((vi)«(ck)) = {1} — {0} = dc, so (vi)«(cx) = ¢ (as J :
H(I,d1) — Hy(dI) is an injection).

But note that

fw=ka:1k—>Sl7 k=1,....d.

Thus

fe(y) = (fw)iler) + -+ (fw)«(ca)
= (Wvl)*(cl) +--+ (Wvd)*(cd)
=we((vi)e(e)) + -+ wi((va)«(ca))
=wi(c)+ -+ wi(c) =dwi(c) =dy
as claimed, completing the proof of the n = 1 case.

The inductive step then follows immediately from Theorem 3.2.13.If f : $" — S”
has degree d, then

Zf : Sn+1 _>Sn+1

also has degree d (where X is the suspension). a

Remark 4.2.32. This theory dualizes to obtain cellular cohomology H_.; (X) for a
CW-complex X (or Hl;;,(X,A) for a CW-pair (X,A)). The cellular cochain complex
of X is given by

n Hn(Xn anl)

cell —

with 8" : C (X) — C™:}' (X) the composition

Hn(Xn7Xn71) _)Hn(Xn) i)I_InJrl(XnJrl,Xn)7

and similarly for (X,A). O

Note that if X has only finitely many cells in each dimension, each cellular chain
group, and hence each cellular cochain group, is a finitely generated free abelian

group.

Theorem 4.2.33. Let X be a CW-complex with only finitely many cells in each
dimension. Then for each n, H!(X) and H",(X) are finitely generated abelian
groups.

Proof. H'(X) is a quotient of Z¢!'(X), which is a subgroup of a finitely generated
free abelian group, and hence itself is a finitely generated free abelian group, and
similarly for Hl., (X). O
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4.3 Real and Complex Projective Spaces

In this section we define real and complex projective spaces and compute their
homology. As we will see, the computation is almost trivial for complex projective
spaces but rather tricky for real projective spaces.

The first part of our development is almost identical in both cases so we handle
them simultaneously. We let F = R or C.

Definition 4.3.1. The projective space FP" is the space of lines through the origin
in F"*! with the following topology. Let S denote the unit sphere in F"*!. Then, for
€ > 0, an e-neighborhood of the line Ly consists of all lines L whose intersection
with § lies in an e-neighborhood of Ly N S. O

Note by lines here we mean F-lines, i.e., F-vector spaces of dimension 1.

Given a point t = (f1,...,t,11) of F"*! other than the origin, we have the line
L through the origin and ¢t which we denote by [t1,...,%,+1]; these are called the
homogeneous coordinates of L. We thus have a map & : F**! — {0} — FP" by
(15 stag1) = [ty e ooy tnt] With m(etq, .. . 1ty 1) = w(t, .. ty41) forany r € F* =
IF — 0, and we may regard FP" as the quotient of the space "+ — 0 under this action
of F*. Alternatively, restricting our attention to points (f1,...,t,.1) of (Euclidean)
norm 1, i.e., the unit sphere S, we have an action of G = {t € P* | |t| = 1} on
S and FP" is the quotient of S by this action. (It is routine to check that the
topology of FP" agrees with the quotient topology from these actions.) If F = C,
then § = 2! and G = {7 € C | |z| = 1} is the unit circle. If F = R, then § = §"
andG={xeR||x|=1}={x1}.

We may regard " C ! as the subspace of points with last coordinate £, | = 0.
Then we get a corresponding inclusion FP"~! C FP" with FP"~! = {[ty,...,1,,0]} C
FpP".

Theorem 4.3.2. Let d = dimgF (so thatd =1 if F =R andd =2 if F = C). Then

FP" has a CW-structure with one cell in dimension di for eachi=0,... n.

3

Proof. By induction on n.

For n = 0, FP is just a point.

Assume now the theorem is true for n — 1. We shall show that FP" —FP" ! is a
single cell of dimension dn, which, by induction, completes the proof.

Now FP" —FP" ' = {[t;,...,tns1] | tas1 # 0}. Let D be the unit ball in F", D =
{(t1,-..,ta) | T|t:]* < 1}, and let S be its boundary.

We have a map (D,S) — (FP",FP""!) given by

(try..o tn) — {tl,...,t,,,\/l—|t|2},

where |¢|*> =} +--- 412, and where we choose the positive square root.
Observe that this map restricts to ahomeomorphism from int (D) to FP" —FP"~!,
(and on S it is the map (¢1,...,%) = [t1, ... ,ts,0] so S maps onto FP"~ 1),
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Thus FP" is obtained from FP"~! by adjoining D. But D is a single cell of (real)
dimension dn. a

Theorem 4.3.3. The homology of CP" is as follows:

0 i>2n
Hi(CP")=<7Z 0<i<2neven
0 0<i<2nodd.

Proof. The cellular chain complex of CP" is
0—2—>0—2Z— - —2Z—0—2Z—70

with Z in every even dimension between 0 and 2n, and O otherwise. a

Theorem 4.3.4. The homology of RP" is as follows:

0 i>n
i=n, neven
i=n, nodd
Zy 0<i<n,iodd
0<i<n,ieven
i=0.

Hy(RP") =

N ©

Proof. The cellular chain complex of RP" is, by Lemma 4.2.11,

0—z27 %7 . .729,72 0

with Z occurring in every dimension between 0 and n. We shall show that (with
proper choice of generator), d; is multiplication by 14 (—1)’, which yields the result.
Again we proceed by induction on n. For n = 0, RP? is a point, and its homology

is as stated. For n = 1, we have the chain complex 0 — Z 9—1> Z — 0 and since
HO(RPI) = Z, we must have d; the 0 map. (Actually, we first encountered RP" in
Example 2.3.4, where we observed that RP' = §', and we know the homology of
st

We know that the inclusion of RP"~! into RP" induces isomorphisms on
homology except possibly in dimensions #n — 1 and n, by Lemma 4.2.11.

By induction, we only need to determine the map

7,7

in the above chain complex.
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There are two cases, n even and n odd.
First consider the case n odd. Then the above map is

Ho(RP"RP"1) 2 B, | (RP"™ RP"2).
But recall that this map was defined to be the composition
H,(RP" RP" 'Y — H,_ | (RP" ') — (RP" ! RP""?)

and by the inductive hypothesis H, | (RP"~!) =0 (as n— 1 is even) so this must be
the 0 map.

Now consider the case n even.

Let @ : S" — RP" be the 2-fold covering map, ie., mw((x1,...,X41)) =
[xl, cen ,xn+1].

Let T+ : (D",8" ') — (§",8"!) be the map T(xi,...,%;) = (X1,...,%n,
V1—[x[2), where |x]*> = x}+ - +x2, and let T~ : (D",8"°!) — ($",5"1)
be the composition T~ = ao T, where a : D" — D" is the antipodal map,
a(xy,...,xy) = (—x1,...,—x,). Note that T and T~ are the attaching maps of two
n-cells to §"~! in forming a CW-structure on S". Note also that if f: (D",5""!) —
(RP", RP""!) is the attaching map of the n-cell to RP"~! in forming a CW-structure
on RP", then f = woT" = moT~'. Since f. : H,(D",S"") — H,(RP*", RP* 1)
is an isomorphism, it follows that 7, : H,(S",8""!) — H,(RP",RP""!) is an
epimorphism.

Now consider the commutative diagram

0 —— Hp1(S" 1) —— Hp (8" 1,872 — = Hp 25" 2 —=0

0 ——> Hp1(S™ 1) —— Hp(S"1,572) —— anz(S”*Z) —0

Let e denote a generator of H, (D"~!,8"72) = 7. Then H, (5" §"2) =
Z &7 generated by 1+ = T,"(e) and 1~ = T, (e). We have seen in Lemma 4.1.9
that a, : H;(S") — H;(S") has degree (—1)™!, so a, : H, »(S""2) = H, »(5"2) is
multiplication by —1. Also, a.(t") =t~ and a.(r~) = ¢". Chasing the right-hand
square, this shows that #* ¢~ is in the kernel of H,_1(S"~,8"2) — H, »(5"72),
and, since ¢ cannot be in the kernel (as then this map would be the zero map, while
by exactness it must be an epimorphism), ™ +¢~ in fact generates the kernel. Thus,
by exactness, there is a generator g of H,_1(S"~!) whose image in H,_(S"~!,5"2)
istt+r.

Now we have a commutative diagram
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Hn(S”,Sn_l) N Hn71(S”‘1) b N Hnil(S’rL—l’Sn—Z)

I

Ho(RP?RP™Y) —2 o g (RP"Y) Lo H, (RPP RP2)

where the composition of the two maps in the bottom row is the boundary map
in the cellular chain complex of RP". We have observed that the left-hand vertical
map is an epimorphism, and, by the exact sequence of the pair (5",5"!), the left-
hand horizontal map in the top row is an epimorphism as well. Thus the image of
d : Hy(RP",RP" 1) — H, 1(RP"!) agrees with the image of 7, : H,_{(S""!) —
H, {(RP""1). Hence there is a generator e of H,(RP",RP"!) with d(e) = m.(g).

To compute the boundary map in the cellular chain complex we must find
J«(d(e)). By commutativity that is equal to p.(g).

Now consider the right-hand square in the diagram. By construction, i, (g) =" +
t~. (Also, j, is an isomorphism, by the exact sequence of the pair (RP"~! RP"2).)
Observe that Toa = 7. Since H,_1(S",8"2) = Z® Z is generated by the two
classes t* and ¢, and t~ = a,(t"), and 7, : H, (" ') — H,_1(RP*"!) is an
epimorphism, we see that H, | (RP"~! RP"~2) is generated by u = m.(t ).

But then

J+(9(€)) = pi(g) = m.(i

Thus, with this choice of generators,
On
7 ——17

is a multiplication by 2, as claimed, and we are done. O

4.4 Exercises

Exercise 4.4.1. Complete the proof of Lemma 4.2.11.
Exercise 4.4.2. Verify the proof of Lemma 4.2.16.
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Exercise 4.4.3. Complete the proof of Lemma 4.2.26.

Exercise 4.4.4. Let f: S" — S" be fixed-point free, i.e., f(x) # x for every x € §".
Show that f has degree (—1)"*1.

Exercise 4.4.5. Let f: S" — S” be a map with nonzero degree. Show that f is onto
§", i.e., that for every y € §" there is an x € §" with f(x) =y.

Exercise 4.4.6. Let S be the Riemann sphere, i.e., S = CU {eo} where C, the
complex plane, has its usual topology, and a basis for the neighborhoods of the
pointeois {eo} U{z € C||z] > N} for N =1,2,3,.... Show that S is homeomorphic
to 2.

Exercise 4.4.7. Let p be a polynomial with complex coefficients, which we regard
as defining a map p : C — C by z— p(z). Show that p extends to amap p: S — S as
follows: If p(z) = ag is a constant polynomial, then 5(e) = ayp. If p is a nonconstant
polynomial, then j(eo) = co. (Of course, map means continuous map.)

Exercise 4.4.8. Suppose that p is a polynomial of degree d. (Here we define the
degree of any constant polynomial to be 0.) Show that p : § — S is a map of degree d.

Exercise 4.4.9. Prove the Fundamental Theorem of Algebra: Every nonconstant
complex polynomial has a complex root.

Exercise 4.4.10. Let r = p/q be a quotient of nonzero complex polynomials. Show
that r naturally defines a map 7 : § — S. Furthermore, if p and ¢ are polynomials of
degree m and n respectively, show that 7 is a map of degree m — n.

Exercise 4.4.11. Compute the homology of the 2-torus 7 by a Mayer-Vietoris
argument. T is

Exercise 4.4.12. Compute the homology of S,, the surface of genus g. These are
given by Sp = 52, the 2-sphere; Sy = T, the 2-torus, and S, for g > 1 as pictured
below:

S? S3
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Exercise 4.4.13. Let X = X; UX,, A = X; N X5, and suppose that the inclusion
(X1,A) = (X,X;) is excisive. If H,(A), H.(X1), and H.(X,) are all finitely gen-
erated, show that H,(X) is finitely generated and furthermore that

X(X) = x(X1) + x(X2) — x(A).

Exercise 4.4.14. A Platonic solid is a tessellation of the surface of a convex
polyhedron in R by mutually congruent polygons. Show that the only Platonic
solids are the five listed in Remark 4.2.22.

Exercise 4.4.15. LetV and F be any positive integers and let £ be any nonnegative
integer with V — E + F = 2. Show there is a CW structure on > with V 0-cells, E
1-cells, and F 2-cells.

Exercise 4.4.16. Suppose X and Y are CW-complexes. Show that X x Y is a CW-
complex.

Exercise 4.4.17. Suppose X and Y are finite CW-complexes. Show that y (X xY) =
xX(X)x(Y).

Exercise 4.4.18. Let X be a CW-complex with X = X; UX, with X, X;, and A =
X1 N X, subcomplexes. Show that if any three of H.(X), H.(X) ), H.(X2), and H.(A)
are finitely generated, so is the fourth. (Observe in this case y (X) = x (X1) + x(X2) —
x(4).)

Exercise 4.4.19. Give an example of a CW complex X with H.(X) finitely
generated, but X = X; UX, with X, X», and A = X; N X, subcomplexes with none
of H.(X)), H.(X2), and H,(A) finitely generated.

Exercise 4.4.20. Recall that X is an m-dimensional CW-complex if it has at least
one m-cell, but no k-cells for k > m. Suppose that X is an m-dimensional CW-
complex and that Y is an n-dimensional CW-complex with m # n. Show that X and
Y are not homeomorphic.



Chapter 5
Singular Homology Theory

In this chapter we develop singular homology, an ordinary homology theory, and
derive many of its properties.

We begin with H,(X) or H,(X;Z) (resp. H,(X,A) or H,(X,A;7Z)), which is
an ordinary homology theory with Z coefficients. But we further derive from
this singular homology theory with arbitrary coefficients, as well as singular
cohomology theory (with arbitrary coefficients).

5.1 Development of the Theory

In this section we construct a nontrivial homology theory, singular homology. It is
an ordinary homology theory, and the coefficient group is the integers Z.

There are two approaches to singular homology: via singular cubes or singular
simplices. Each has advantages and disadvantages, but for our purposes singular
cubes are much preferable, and so we use them. (Both approaches yield the same
results. The question is which is technically simpler.) In particular, the use of
singular cubes makes it easier to derive chain homotopies from homotopic maps,
and makes it easier to derive results on the homology of product spaces.

We begin with the standard cube and its faces.

Definition 5.1.1. The standard O-cube I° is the point 0 € R?. For n > 1, the
standard n-cube is

I"={x=(x1,x2,...,00) ER"|0<x; < 1,i=1,...,n}.
Its i-th front face is
A :Ai(]”) = {x el |x,~ = 0}
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and its i-th back face is
Bi=B(I")={xel" |xi=1}. 0O
Definition 5.1.2. Let I” be the standard n-cube. Its boundary is given by
91’ =0

and
o1’ = (—1)/(A; — B))
i=1
forn > 0. O

In this definition, dI" is considered to be an element in the free abelian group
generated by {A;,B; | i =1,...,n}. We then have the following basic lemma:

Lemma 5.1.3. For anyn, d(3dI") = 0.

Proof. For n <1 this is clear.
Forn> 2, d(dI") is an element in the free abelian group generated by the (n —2)-
faces of I", i.e., by the subsets, for each i # j and each g =0or 1,&; =0or 1,

{xEI"|xi:8i,Xj=£j}.

Geometrically, each (n — 2)-face of I” is a free of two (n — 1)-faces, and the signs
are chosen in Definition 5.1.2 so that they cancel. This is a routine but tedious
calculation. a

Definition 5.1.4. Let X be a topological space.
A singular n-cube of X isamap @ : I" — X. O

We let o; : I"~! — I" be the inclusion of the i-th front face and f3; : "~ — I" be
the inclusion of the i-th back face, i.e.

ai(xlv s a-xnfl) = (-xla cee 7xi*1707xi7 cee a-xnfl)

ﬁi(xlv e 7-xn71) = (-xla e 7-xl'717 lv-xia e 7-xn71)'
Definition 5.1.5. For n > 2, a singular n-cube f : I" — X is degenerate if the value
of f is independent of at least one coordinate x;, i.e., if there is a singular (n — 1)-
cube ¥ : I""! — X with

DX,y Xn) =P (X0 e ey Xim 1y Xi 1y e+ 5 Xnr)-

A singular O-cube is always non-degenerate. O
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Observe that in the degenerate case we have, in particular,
Doy =DPPi=¥: 1" —X, forn>1.

Definition 5.1.6. Let X be a topological space. The group Q,,(X) is the free abelian
group generated by the singular n-cubes of X. The subgroup D, (X) is the free
abelian group generated by the degenerate singular n-cubes. (In particular, Dy (X) =
{0}

For each n > 0, the boundary map 9L = 99 is defined by 02 = 0if n =0, and if
n>1,and @ : I" — X is a singular n-cube,

%P = i(—l)i(AicD—Bié) €0, 1(X)
i=1

where A;® = ®o; : "' — X and B;® = OB; : "' — X. O
Lemma 5.1.7. (1) 92,02 : 0u(X) — Qn_2(X) is the O map.

n

(2) 9%(Du(X)) S Dy—1(X).

Corollary 5.1.8. Let C,(X) = 0,(X)/Du(X). Then 02 : 0,(X) — Q1 (X) induces
O 1 Cu(X) = Cp_1(X) with 10y = 0.

Definition 5.1.9. The chain complex C(X):

O (X)) 2 (X)) 2 (X)) 20— 0

is the singular chain complex of X. %

Definition 5.1.10. The homology of the singular chain complex of X is the singular
homology of X. O

To quote the definition of the homology of a chain complex from Sect. A.2:

Zn(X) =Ker (dy : Cp(X) — Cy—1(X)), the group of singular n-cycles,
By (X) =Im(dpt1: Cur1(X) — Cy(X)), the group of singular n-boundaries,
H,(X)=2Z,(X)/B,(X), the n-th singular homology group of X

We now define the homology of a pair.

Definition 5.1.11. Let (X,A) be a pair. The relative singular chain complex C(X,A)
is the chain complex

= O (X) /C2(A) L €L (X) [CL(A) L Co(X) /Co(A) 250 —50— -

Its homology is the singular homology of the pair (X,A). O
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Finally, we define the induced map on homology of a map of spaces, or of pairs.

Lemma 5.1.12. Let f : X — Y be a map. Then finduces a chain map {f,, : C,(X) —
Co(Y)} where f, : Cy(X) — Cy(Y) as follows. Let @ : I" — X be a singular n-cube.
Then fu® = f® : I, — Y where f® denotes the composition. Similarly f : (X,A) —
(Y,B) induces a map f, : C,(X,A) — Cy(Y,B) by composition.

This chain map induces a map on singular homology { f, : Hy,(X) — H,(Y)} and
similarly {f, : Hy(X,A) — H,(Y,B)}.

Proof. This would be immediate if we were dealing with 0,(X) and Q,(Y). But
since f@ is degenerate wherever @ is, it is just about immediate for C,(X) and

Cu(Y).
Then the fact that we have maps on homology is a direct consequence of
Lemma A.2.7. O

Definition 5.1.13. The above maps {f, : H,(X) — H,(Y)} or {f, : Hy,(X,A) —
H,(Y,B)} are the induced maps on singular homology by the map f : X — Y or the
map f: (X,A) — (Y,B). O

We now verify that singular homology satisfies the Eilenberg-Steenrod axioms.
Theorem 5.1.14. Singular homology satisfies Axioms I and 2.

Proof. Immediate from the definition of the induced map on singular cubes as
composition. a

Theorem 5.1.15. Singular homology satisfies Axiom 3.

Proof. Immediate from the definition of the boundary map on singular cubes and
from the definition of the induced map on singular cubes as composition. a

Theorem 5.1.16. Singular homology satisfies Axiom 4.
Proof. We have defined C,(X,A) = C,(X)/Cy(A). Thus for every n, we have a short
exact sequence
0— Cy(A) — Cy(X) — Cy(X,A) — 0.
In other words, we have a short exact sequence of chain complexes

0— Ci(A) — C(X) — C(X,A) — 0.

But then we have a long exact sequence in homology by Theorem A.2.10. a
Theorem 5.1.17. Singular homology satisfies Axiom 5.

Proof. For simplicity we consider the case of homotopic maps of spaces f: X =Y
and g : X — Y (rather than maps of pairs). Then by definition, setting fy = f and
fi =g, thereisamap F : X x [ = Y with F(x,0) = fo(x) and F(x,1) = fi (x).
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Define a map F : C,(X) — C,41(Y) as follows. Let @ : I" — X be a singular
n-cube. Then F® : ["*! — Y is defined by

FO(xy,...,xp41) = F(®(x1,...,Xn), Xn11)-

Then it is routine (but lengthy) to check that F provides a chain homotopy
between f : C.(X) — Ci(Y) and g, : C.(X) — Ci(Y), so that f, = g : H(X) —
H,.(Y) by Lemma A.2.9. O

Theorem 5.1.18. Singular homology satisfies Axiom 6.

We shall not prove that singular homology satisfies Axiom 6, the excision axiom.
This proof is quite involved. We merely give a quick sketch of the basic idea.
Consider a singular chain, say c, the singular 1-cube which is the illustrated path

This chain is too large, and we subdivide it as illustrated.

Then we show ¢ is homologous to ¢ + ¢, with ¢y (resp. ¢2) the left (resp. right)
subpaths in C,(X,A). But ¢ is in the image of the inclusion C.(X —U,A—-U) —
C.(X,A).

Let us now compute the singular homology of a point.

Theorem 5.1.19. Let X be the space consisting of a single point. Then Hy(X) = Z
and H;(X) = 0 for i # 0. Thus singular homology satisfies the dimension axiom,
Axiom 7, and has coefficient group 7.

Proof. Let @ : I — X be the unique map. Then Cy(X) is the free abelian group
generated by @. On the other hand, for any i > 0, @ : I' — X is a degenerate i-cube.
Hence C;(X) = {0} for i > 0. Thus C,(X) is the chain complex

—0—0—Z—0—0—--

with homology as stated. O



60 5 Singular Homology Theory

Remark 5.1.20. Tt is to make Theorem 5.1.19 hold that we must use C;(X) =
0:(X)/D;(X) rather than work with Q;(X) itself. Let X be a point. Then in Q;(X)
we have, for each i, the unique map @ : I' > X, and al.Qcp =0 as the front and back
faces cancel each other out. Then Q. (X) is the chain complex

o — 2 —2—7Z—0—0—---

with each boundary map being the 0 map, and this chain complex has homology Z
in every nonnegative dimension.

However, it is not just that this complex gives the “wrong” answer. Rather, it
is that it gives the wrong answer for a stupid reason, the presence of all these
geometrically meaningless singular cubes. So we divide out by them to get a
geometrically meaningful theory. %

As in Chap. 4, we once and for all establish an isomorphism between Hy(*) and
Z by choosing a generator 1, € Hy(x) which we identify with 1 € Z.

Definition 5.1.21. The class 1. € Hy(x) is the homology class represented by the
unique map @ : I — . Then for any space p consisting of a simple point, the
class 1, € Hy(p) is 1, = fo(1.) where f : * — p is the unique map. (More simply,
I, € Hy(p) is the homology class represented by the unique map @ : P=p)y ¢

Let us make a definition and a pair of observations.

Definition 5.1.22. Let X be a space and let ¢ € C,(X) be a singular chain. Choose
arepresentative of ¢ of the form 25\1:0 m;®; where m; # 0 for each i and @; is a non-
degenerate singular n-cube for each i. The support of ¢, supp(c), is defined to be 0
if N = 0, and otherwise supp (¢) = Y, @;(I") C X. O

Lemma 5.1.23. For any singular chain c, supp (dc) C supp (c).
Theorem 5.1.24. For any singular chain c, supp (c) is a compact subset of X.

Proof. For any @ : " — X, ®(I") is a compact subset of X as it is the continuous
image of a compact set. Then for any singular chain ¢, supp (¢) is a finite union of
compact sets and hence is compact. O

Corollary 5.1.25. Let X be a union of components, X = |J;c; Xi. Then for any n,
Hy(X) = Dic Hn (Xi).

Proof. This follows for any generalized homology theory from Lemma 3.2.1 if
there are only finitely many components. But for singular homology theory, if
¢ € Cy(X) is any chain, then supp (c) is compact, by Theorem 5.1.24, so is contained
in J;e; X; for some finite subset J of I. Thus C,(X) = @P;c;Ci(Xi). But clearly
d : Cy(Xi) = Cyp—1(X;—y) for any i, so as chain complexes Cy(X) = @;c;C:(X;)
and hence H,(X) = @;c; H«(X;). O

We record the following result for future use.
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Lemma 5.1.26. (1) For any space X, the group of singular n-chains C,(X) is
isomorphic to the free abelian group with basis the non-degenerate n-cubes.
(2) For any pair (X,A), the group C,(X,A) is isomorphic to the free abelian group
with basis those non-degenerate n-cubes whose support is not contained in A.
(3) The short exact sequence

0—Cy(A) — Cu(X) — C,(X,A) — 0

splits, and hence C,(X) is isomorphic to C,(A) ® Cy(X,A).

Proof. This follows easily once we recall that C,(X) = 0,(X)/D,(X) where 0,(X)
is the free abelian group on all n-cubes and D, (X) is the free abelian group on the
degenerate n-cubes a

We also record the following definition.

Definition 5.1.27. A space X is of finite type if H,(X) is finitely generated for
each n. O

5.2 The Geometric Meaning of Hy and H;

In this section we see the geometric content of the singular homology groups Hy(X)
and H (X).

Theorem 5.2.1. Let X be a space. Then Hy(X) is isomorphic to the free abelian
group on the path components of X.

Proof. We assume X nonempty. We have already seen in Corollary 5.1.25 that if
X =X, UXpU--- is a union of path components, then H;(X) = @ Hi(X;). Thus
it satisfies to prove the theorem in case X is path connected, so we make that
assumption.

A singular 0-simplex of X is f(*) = x for some x € X, so we may identify Cyp(X)
with the free abelian group on the points of X, Co(X) = {3;nixi | ni € Z, x; € X }.
Since C_;(X) =0, Zy(X) = Co(X), i.e., every chainis a cycle. Let € : Zo(X) — Z by
e(X;nix;) = Y,;n;. We claim that € is a surjection with kernel Bo(X). Then Hy(X) =
Zo(X)/Bo(X) = Z.

Now to prove the claim. First, € is obviously surjective: Choose x € X. Then for
any n, €(nx) = n. Next, Ker(g) 2 Bo(X): By(X) is generated by the boundaries of
singular 1-simplices. But a singular 1-simplex is a map f : I — X, and the boundary
of that is ¢ — p where ¢ = f(1) and p = f(0). Then (¢ — p) = 1 — 1 = 0. Finally,
By(X) C Ker(g): Suppose €(3;n;x;) =0, i.e., Y;n; = 0. Rewrite n;x; as x; + - - - +x;,
where there are n; terms, if n; > 0, or as —x; — - -+ — x;, where there are |n;| terms,
if nj < 0. Then ¥;nix; = x} +--- +x;, + (—=x{) +--- + (—x}) for some k and some
points x/, ..., x;. But now for each i between 1 and k, let ¢; be the singular 1-simplex
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given by f : 1 — X with f(0) =x/ and f(1) = x}. Then d¢; = x| — x/ so ¥;nix; =
8(2’;:1c,~) EB()(X). O
Lemma 5.2.2. Let f:1 — X and g: I — X with f(1) = g(0). Define h : I — X by
h(t) = f(2t) for0<t < %, and h(t) = g(2t — 1) for £ <t < 1. Then [f + g —h] =
OEHI(X).

Proof. We exhibit a 2-cell C with dC = f+g—h. C: I — I — X is given by
following f and then g along each of the heavy solid lines as indicated:

!
i

Then dC = f 4 g — h — k, where k is the path on the left-hand side of the square. But
that is the constant path at f(0), and hence a degenerate 1-chain,so dC = f+g—h
in Z; (X) O

Remark 5.2.3. Obviously this generalizes to the composition of any finite number
of paths (proof by induction). %

Theorem 5.2.4. Let X be a path-connected space. The map 0 : 7 (X ,x9) — H; (X)
given by 0(f) = [f], where f : (S',1) — (X, xo), is an epimorphism with kernel the
commutator subgroup of (X ,xo). Thus H\(X) is isomorphic to the abelianization
of m (X, x0).

Proof. There are several things to show:

(1) 8 is a homomorphism: That follows immediately from Lemma 5.2.2.

(2) 0 is surjective: Once and for all, for every point x € X choose a path ¢, from xg
to x. We make this choice completely arbitrarily, except that we let o, be the
constant path at xy. Let 3, be o, run backwards, 3, from x to xo.

Let z = Y, a;T! represent an element of Hy(X), T' : I' — X. Let p; =
(T")~'(0) and g; = (T")"'(1). Then 0 = 9z = Y,;c;a;(BiT — A1T) so after
gathering terms the coefficient of every O-simplex S; : (10 = X, jeJ, is zero.
Then Y ai(oy, + TP+ By) = Sa;T' = z. Now for each i, o, + T'+ By, is
homologous, again by Lemma 5.2.2, to the image of an element of m; (X, x),
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that element being obtained by beginning at xo, following o, from xg to p;,
then following T' from pi to g;, then following B, from ¢; back to xo. (Observe
that this composite path is a loop at xg.)

Ker(6) 2 G, the commutator subgroup of m;(X,xg). Algebraically, that is
immediate, as Im (0) C H;(X), which is an abelian group. But geometrically
that is easy to see as well. It amounts to showing that if f; and f, are conjugate
elements of m;(X,xo), then 08(f>) = 0(f1). But f; and f, conjugate simply
means f> = gfig~' for some g € m;(X,xo), and then 8(f>) = 6(f;) again by
Lemma 5.2.2.

Ker(6) C G. For a 1-cell T, let §(T) = o,,TB, : I — X where p = T(0) and
g = T(1). Observe that if T is degenerate, §(T) represents 1 in m;(X,xp).
For a 2-cell U, let A(U) = 8(AU)8(B1U)S((BoU)~1)S8((AU)~") where the
inverse denotes that the path is traversed in the opposite direction.

(BU)~!

(A U)~! U BlU

AU

Note that A(U) is homotopic to o,,f3,, p = U(0,0), so A(U) represents 1 in

T (X,XO).

Now suppose 0(f) =0in H;(X). Then

0(f)=2a <Z akUk> in C,(X)

nek

=9 <2 akUk> +3 bD, inQ.(X)

keK qc0

where {D,} are degenerate 1-cells,

=Y ap(B T* — A\ TF + A, T — BT + Y b, D1

In this sum, 6(f) appears with coefficient 1 and every other non-degenerate cell

appears with coefficient 0.
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Now, if [ ] denotes the homotopy class in 71 (X, xo),

[Tiawhm=1, TIBDy)) =1,

k q
soin m;(X,x0)/G,
0= ZakA(Uk) +qu6(Dq)
= a(8(BUY) — 8(AU") + §(AU*) — 5(BUY)) + Y by 8(DY).
q
Applying & to the expression for 6(f), and comparing it with the second

expression, we see that 8(0(f)) represents 0 in m(X,x0)/G. But 6(6(f)) =
O, f Bx, is homotopic rel {0,1} to f as ay, is the constant path. Hence f = 0 in

m (X , )C())/G. O
Corollary 5.2.5. Let X be a path-connected space. The map 0 induces a bijection
(of sets)

{free homotopy classes of maps: S' — X} —s H;(X).
Proof. Immediate from Theorems 5.2.4 and 2.5.1. a

Lemma 5.2.6. Let f: (X,x0) — (Y,y0). Then the following diagram commutes:

(X)) —2 Hy(X)

[

m(Yyo) —2= Hy(Y).

Using the results of this section, and our work on covering spaces, we now
provide an alternate proof of Theorem 4.2.31.

Theorem 5.2.7. Let d be any integer. Then for any integer n > 1, there exists a map
f:8"— 8" of degree d.

Proof. Again the key step is the n = 1 case, and we provide an alternate proof of
that (with the remainder of the proof being the same as in the previous proof).
Again we claim that f : S' — S' by f(z) = z? has degree d.
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To prove that, we consider the diagram

m(sh1) —% s Hy(sh)

| 3

m(S11) —2= H(SY).

~

The horizontal maps are all isomorphisms, as we have shown that 7y (S',1) = Z
in Example 2.2.7. Thus we need only show that f, : m(S',1) — m(S',1) is
multiplication by d, and to show that it suffices to show that if v is a generator of
m1(S', 1), then f.(y) = dy. But we also showed that in Example 2.2.7. (The identity
map i : S'—S' represents ¥, and then the composition f o i=f represents fi(y).) O

Example 5.2.8. Here is a pair of examples to show that the condition closure (U) C
interior (A) cannot in general be relaxed to U C interior(A) for the inclusion
(X -U,A—-U) — (X,A) to be excisive. In each case we will have a closed
set A and we will let U = interior (A), so that we are considering the inclusion
(X-interior (A),dA) — (X,A).

(a) Let X = R? and let A be the subset of R? that is on or below the graph of the
function

) = sin()—lc) x>0

1 x <0.

Note that dA consists of the union of the graph of this function and the
interval {[0,y] | —1 <y < 1}. Observe that both X and X-interior(A) are
contractible, that A is path-connected, and that dA has two path components.

Then the exact sequence of the pair (X,A) shows that H;(X,A) =0,
while the exact sequence of the pair (X-interior(A),dA) shows that
H, (X-interior(A),dA) = Z.

(b) LetX =K, the space of Example 2.6.2, and let A = K>, as in that example. Then
interior (A) = A — (0,0,0), and dA = {(0,0,0)}. Then (X-interior(A),dA) =
(K1,{(0,0,0)}) and so H;(X-interior(A),dA) = 0 as K; is contractible and
{(0,0,0)} is a single point. On the other hand, H,(X,A) = H;(K,K;) = H(K)
by the exact sequence of the pair, as K; is contractible. By Corollary 5.2.5
H,(K) = {free homotopy classes of maps: S' — K}. But this set is nonzero
(and in fact H,(K) is infinitely generated) with a nonzero element being the
loop described in Example 2.6.2. O
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5.3 Homology with Coefficients

Heretofore we have been considering singular homology with integral coefficients.

We now consider arbitrary coefficients. The development of the theory with arbitrary

coefficients involves a number of algebraic constructions but no new geometry.
Throughout this section we let G be an abelian group.

Definition 5.3.1. Let (X,A) be a pair. Then

On(X;G) = 0,(X)®G (and similarly for A)
D, (X;G) =Dy(X)®@G (and similarly for A)
Co(X;G) = 04(X;G)/Dy(X;G) (and similarly for A)
Ca(X,A;G) = Co(X;G) /Cu(A; G). o

Here we regard the abelian group G as a Z-module, and ®G is an abbreviation
for ®zG.
In concrete terms, we have for example, that g € 0,(X; G) is

q=Y 8P,
i

where g; € G and @; : I — X is a singular n-cube.

Lemma 5.3.2. C,(X;G) is isomorphic to Cy(X) ® G (and similarly for A). Also,
Cu(X,A;G) is isomorphic to C,(X,A) ®G.

Proof. Clear from Definition 5.3.1 and the fact that for any two abelian groups A
and B, A®B)®G~ (A®G) @ (B®G), and hence, in this situation, (A ® G) ~
(A®B)®G)/(BRG). O

Lemma 5.3.3. With the above identifications, C,(X;G) is a chain complex with
boundary map d ® 1 : Cy(X;G) — C,—1(X;G), and similarly for C,(A;G) and
C.(X,A;G).

Proof. The only thing to check is that (9 ® 1)2 =0.But (d®1)>=9’®1=0. O

Lemma 5.3.4. There is a split short exact sequence
0 — G,(A;G) — Cu(X;G) — Cu(X,A;G) — 0,

and hence C,(X; G) is isomorphic to C,(A;G) ® Cy(X,A; G).

Proof. We have the short exact sequence

0—Cy(A) — C,(X) — Cp(X,A) — 0.
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Tensoring such a sequence with G does not in general produce an exact sequence.
But if this sequence is split short exact, tensoring with G produces a split short exact
sequence. This is the case, by Lemma 5.1.26. O

Lemma 5.3.5. With the identification in Lemma 5.3.2, f : X — Y induces f, ®1 :
C.(X;G) = C.(Y;G), and similarly for f : (X,A) — (Y,B).

In concrete terms, if {®; : I" — X} are singular n-cubes, (f. ®1)(3;8:P;) =
Y&i(f D).

Definition 5.3.6. The singular homology of X with coefficients in G is the homol-
ogy of the chain complex {C,(X;G)}. We denote the n-th homology group of this
chain complex by H,(X;G), and similarly for a pair (X,A). O

Theorem 5.3.7. Singular homology with coefficients in G is an ordinary homology
theory with coefficient group G.

Proof. First we check Axiom 7, the dimension axiom. If X consists of a single point,
then C..(X; G) is isomorphic to

—0—0—G—0—0—---

with homology as claimed.

The proof that this theory satisfies Axioms 1-3, 5, and 6 is identical to the
previous proof.

As for Axiom 4, once we have Lemma 5.3.4, that also follows as before. O

We have previously denoted singular cohomology with integer coefficients by
H,(X), and we will continue to use that notation, but we will sometimes also denote
it by H.(X;7Z) when we wish to emphasize the coefficient group.

Our next goal is to see how to compute H, (X; G) from H,(X;Z).

Lemma 5.3.8. The map ©: C,(X) — C,(X;G) given by 1(®) = ® ® | where @ is
a singular n-cube induces a map

T:H,(X)®G — H,(X;G).

Proof. Lemma 5.3.3 implies that 7 : Z,(X) — Z,(X;G) and 7 : B,(X) — B,(X;G),
where, as usual, Z,(X) = Ker(d,) and B,(X) = Im(d,1), and also Z,(X;G) =
Ker(d, ®1) and B,(X;G) =Im (dp1 ®1). O

Theorem 5.3.9 (Universal coefficient theorem). (1) Forany space X and abelian
group G, there is a split short exact sequence

0 — H,(X)®G - Hy(X;G) — Tor (H,_1(X),G) — 0.
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(2) If f: X — Y is a map, there is a commutative diagram

0— > Hy(X)®G — Hy(X;G) —=Tor (Hy_1(X),G) —=0

| l l

0——H,Y)®G —— H,(Y;G) ——Tor (H,_1(Y),G) —— 0.

Proof. This is a purely algebraic fact about the homology of chain complexes, and
we omit the proof. O

Remark 5.3.10. This (omitted) proof crucially uses the fact that the singular chain
complex of a space consists of free abelian groups. O

Remark 5.3.11. We have not completely defined Tor here. But we can draw several
consequences. First, we always have that the map H,(X) ® G — Hy(X;G) is
an injection, and furthermore that H,(X;G) ~ H,(X) ® G @ Tor (H,—1(X),G). In
particular, if H,_;(X) = 0, or, by Lemma A.3.8, if H,_{(X) is free abelian, then
H,(X;G) ~ H,(X)®G.

Thus, if X is a space with H,(X) torsion-free for all n, then H,(X;G) =
H,(X)® G for every n. Examples of these are spheres (by Lemma 4.1.3) or complex
projective spaces (by Theorem 4.3.3). O

Example 5.3.12. By Lemma A.3.8, Tor(Zy,Zy) = Z, for m even. Thus, from
Theorem 4.3.4, for real projective spaces we have, for m even,

0 i>n

Zy i1=nodd
Hi(RP";Zy) =<7, i=neven
Z, 1<i<n—1
Ly i=0.

On the other hand, by Lemma A.3.8, Tor(Z;,Z,) = 0 for m odd. Thus for real
projective spaces we have, for m odd

0 i>n

Zm i=nodd
H;(RP";Zy) =<0 i=neven

0 1<i<n-—1

Ly i=0.

O

Corollary 5.3.13. Let f: X — Y and suppose that f. : H,(X) — Hy(Y) is an
isomorphism for all n. Then f : H,(X;G) — H,(Y;G) is an isomorphism for all n.
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Proof. This follows directly from the universal coefficient theorem and the short
five lemma. O

Remark 5.3.14. Once we have that H,(X; G) is a homology theory, we have all the
consequences that follow from the axioms, e.g., the Mayer-Vietoris sequence. We
also have the cellular homology with coefficients in G of a CW-complex, and again
it is isomorphic to singular homology with coefficients in G. O

Remark 5.3.15. If we tensor with a commutative ring R, instead of a group G,
then C,(X;R) has the structure of an R-module, and hence so does H,(X;R). An
important special case is that of a field F, whence H,, (X ;) is an F-vector space. ¢

We can also ask what happens if we change coefficient groups, and the answer is
what we would expect.

Theorem 5.3.16. Let ¢ : G| — G, be a homomorphism. Then there is a commuta-
tive diagram of split short exact sequences, with all vertical maps induced by @,

0—— H,(X)®G, — H,(X;G;) —— Tor (H,—1(X),G2) ——=0

| | !

0—— H,(X)®Gy — H,(X;Gy) — Tor (H,—1(X),G2) ——=0.

5.4 The Kiinneth Formula

Our goal in this section is to derive the Kiinneth formula, which expresses the
homology of a product X XY in terms of the homology of each of the factors X and Y.

Definition 5.4.1. Let @ : I/ — X be a singular j-cube and ¥ : I¥ — Y be a singular
k-cube. Then their cross product @ x ¥ : I’ x IF — X x Y is the singular (j + k)-cube
given by

((D X ‘I’)(xl, PP SIRATERE ,yk) = (<I>(x1, e ,Xj), 'P(yl, e ,yk)). <>
Lemma 5.4.2. The cross product induces a map

Ci(X)®C(Y) — Cji (X X Y).

Proof. 1f either @ or ¥ is degenerate, so is @ x V. O

Lemma 5.4.3. In this situation,
(P xW¥)=(0@) x ¥+ (—1)/® x (I¥).

Proof. Direct calculation, with careful attention to signs. a
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By definition, the tensor product of the chain complex &/ = {A;} and # = {B;}
is ¢ = {Ci} where Cy = @, j_;Ai ® B;. Thus, given this definition, we have a map
from C,(X) @ Ci(Y) — C(X X Y).

We now cite the Eilenberg-Zilber theorem:

Theorem 5.4.4. The map
C:(X)®C(Y) — Co(X xXY)

induces an isomorphism on homology.

Once we have this theorem, we may use algebraic methods to compute the
homology of X x Y from the homology of X and the homology of Y. But the first
thing to note is that the homology of C,.(X) ® C,(Y) is not in general isomorphic to
H,(X)®H,.(Y), though they are closed related, as we shall now see.

Lemma 5.4.5. The cross product induces a map
Hj(X) @ Hi(Y) — Hj (X X Y).
Proof. First we show that we obtain a map
Zj(X)@Z(Y) — Zji (X X Y).
Letc € Z;(X) and d € Z;(Y) be singular cycles, so that dc = 0 and dd = 0. Then
d(exd)=(dc)xd+(=1)ex(dd)=0xd+cx0=0

socxdeZi(X,Y).

Now suppose ¢ € Bj(X), c = de forsome e € Cj11(X). Thenc xd =d(e xd), so
cxd € Bj(X xY). Similarly if d € Bi(Y), ¢ xd € Bj(X xY). Thus we obtain
amap

(Zj(X)/Bj(X)) @ (Z(Y)/Br(Y)) — Zj41(X X Y)/Bjx(X X Y),

i.e., a map

Hj(X) @ Hi(Y) — Hjy (X X Y). -
We regard H.(X) and H,(Y), and hence H, (X ) ® H,(Y ), as chain complexes with
identically zero boundary operator.
We then have
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Theorem 5.4.6 (Kiinneth formula). (1) For any spaces X and Y, there is a split
short exact sequence

0 — (Ho(X) @ Ho(Y))y — Hy(X X Y) — (Tor (Hu(X), Ho(Y)))_1 — O.

(2) For any spaces X,Y,Z,W, and maps f:X — Z, g:Y — W, there is a
commutative diagram

0—> (H.(X)® H,(Y))p — Hp(XxY) —= (Tor (H,(X),H,(Y)))p_1 —= 0

| l i

0—= (H.(Z2)® H,(Y))n —= Hn(ZxW) —= (Tor (H,(Z),H,(W)))p_1 —= 0.

In the statement of this theorem,

(H(X)®H.(Y))n = DH;(Y) @ Hyj(Y),
j=0

n—1
(Tor (. (X), Ho(¥)))a—1 = €D Tor (H; (¥ ), Hy—1_(Y)).
j=0

Proof. This is a purely algebraic result, whose proof we omit, but we again remark
that it crucially uses the fact that C,(X) and C.(Y) are chain complexes of free
abelian groups. O

Corollary 5.4.7. Let I be a field. Then for any spaces X and Y, the map
(H (X;F) @ H(Y;F))y — Hy(X X Y3 F)

is an isomorphism.

Recall that for a path connected space Y, we have a canonical choice of 1 €
Hy(Y). For clarity we shall denote this element by 1y. Let us identify H,(X) ® Hy(Y)
with a subgroup of H,, (X x Y) via the inclusion in the Kiinneth formula.

Lemma 5.4.8. LetY be a path connected space andlet w: X XY — X be projection
on the first factor. For any element o of H,(X),

m(e®ly)=a.

Proof. Clear from the construction in Lemma 5.4.5. a

We have stated the Kiinneth formula for spaces. A similar formula holds for pairs,
where by definition
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(X,A)x (Y,B)= (X xY,X x BUY x A).

The proof is very much along the same lines, and again we must apply a form of
the Eilenberg-Zilber theorem for pairs. But in this situation this theorem requires a
slight additional hypothesis.

Theorem 5.4.9. Suppose that {X x B,A X Y} is an excisive couple. Then the map

induces an isomorphism on homology.

This yields the Kiinneth formula under the same additional hypothesis.
Theorem 5.4.10 (Kiinneth formula). (1) For any pairs (X,A) and (Y,B) with
{X x B,A X Y} an excisive couple in X X Y, there is a split short exact sequence

0 — (H.(X,A)®@H.(Y,B)), — H,((X,A) x (Y,B))
— (Tor (H«(X,A),H.(Y,B)))y—1 — 0.
(2) Forany pairs (X,A) and (Y,B) with {X x B,A XY} an excisive couple in X x Y,
and any pairs (Z,C) and (W,D) with {Z x D,C x W} an excisive couple in

Z x W, and any maps of pairs f : (X,A) = (Z,C) and g : (Y,B) — (W, D), there
is a commutative diagram

0 —> (H(X,A)QH.(Y,B))n —> Hn((X,A) x (Y, B)—> (Tor(H.(X,A), H.(Y,B)))n_1 —> 0

| | |

0 —> (H.(Z,C)0H.(W,D))n —> H,(Z,C) x (W,D)y—> (Tor(H.(Z,C), HW, D)))n_1 — 0.

Corollary 5.4.11. Let F be a field. Then for any pairs (X,A) and (Y,B) such that
{X x B,A x Y} is an excisive couple, the map

(H.(X,A;F) @ H(Y, B;F)), — H,((X,A) x (Y,B):F)

is an isomorphism.

5.5 Cohomology

In this section we develop singular cohomology. Given our previous work, this is
almost entirely algebraic. Then we extend it and relate it to other things we have
done.
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Definition 5.5.1. The singular cohomology (with integer coefficients) H*(X,A) is
the homology of the dual cochain complex of the integral singular chain complex
C.(X,A). O

‘We now elaborate on this definition.
Given the singular chain complex Ci(X), we form the dual cochain complex
C*(X) given by

C"(X) =Hom (C,(X),Z)
with coboundary operator 8" : C"(X) — C"+!(X) given by

8"(7)(c) = Y(nt1¢)
where v € C"(X) and ¢ € Cp,y1(X). The relation d,_1d, = 0 immediately yields
5"8" 1 =0 as well.
Definition 5.5.2. The group of singular n-cocycles Z" (X ) and the group of singular
n-coboundaries B"(X) are defined by:
Z"(X) =Ker (8" : C"(X) — C"1(X))
B'(X)=Im(6" ': " 1(X) — C"(X)).

The n-th singular cohomology group of X is defined by

H"(X)=Z"(X)/B"(X). o

Let f : X — Y be a map of spaces. Then f induces a map f* : C*(¥Y) — C*(X) by

where y € C"(Y) and ¢ € C,(X).
Lemma 5.5.3. The map f* : C*(Y) — C*(X) induces a map f* : H*(Y) — H*(X).
Proof. 1t is routine to check that f*(Z"(Y)) C Z"(X) and f*(B"(Y)) CB"(X). O

Theorem 5.5.4. Singular cohomology is an ordinary cohomology theory with Z
coefficients.

Proof. This proof entirely mimics the proof that singular homology is an ordinary
homology theory with Z coefficients. a

There is just one subtlety, Axiom 4, the exactness axiom. Exactness for homology
followed from the short exactness of the sequence of singular chain complexes

0— Ci(A) — Cu(X) — Cu(X,A) — 0,
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i.e., the exactness of
0— Cy(A) — Cy(X) — Cy(X,A) — 0.

In general, however, if 0 - A — B — C — 0 is a sequence of Z-modules, 0 —
C* — B* —+ A" — 0 is not exact (where A*, B*, and C* are the duals of A, B, and C
respectively).

However, if 0 - A — B — C — 0 is split exact then 0 — C* — B* - A* — 0 is
exact, and in fact split exact.

But that is the situation we are in here. The sequence

0—Ci(A) — C(X) — C(X,A) — 0

is split exact by Lemma 5.1.26.

There is also one useful trick. We have not given the proof of axiom 5, the
excision axiom, for homology, due to its length. One can prove excision for
cohomology along the same lines as the proof for homology. But instead, using
Corollary 5.5.13 below, we can calculate that excision for homology immediately
implies excision for cohomology.

Remark 5.5.5. In the construction of cohomology, there is one algebraic subtlety we
need to note. Let M be a free abelian group of finite rank. Then M* = Hom (M, Z)
is a free abelian group of the same rank. But when we leave the finite rank case we
run into problems. For example, if M is a free abelian group of countably infinite
rank, then M* is an uncountable torsion-free abelian group that is not free. (This is
a theorem of Baer.)

The infinite rank case is precisely the situation we are in here, as if X is any space
other than a finite set of points, then the singular chain complex C,(X) is infinitely
generated. To deal with this situation we will have to impose various finiteness
assumptions in several places below. O

Having obtained singular cohomology with integer coefficients, we may then
obtain singular cohomology with coefficient group G in exactly the same way we
obtained singular homology with coefficient group G.

Definition 5.5.6. Let G be an abelian group. The singular cohomology of X with
coefficients G, H*(X;G), is the homology of C*(X) ® G, where C*(X) is the dual
chain complex to the singular chain complex of X. O

Theorem 5.5.7. Singular cohomology with coefficients in G is an ordinary coho-
mology theory with coefficient group G = H°(X; G).

Proof. Again this mirrors the proof for singular homology in Sect.5.1. Again
Axiom 4 uses the fact that, for every n, the sequence 0 — C"(X,A) — C"(X) —
C"(A) — 0 is split exact. O

Again we have a universal coefficient theorem for cohomology. Because of the
problem with infinite ranks, we need additional hypotheses.
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Theorem 5.5.8 (Universal coefficient theorem). (1) Ler X be a space and let G
be an abelian group. Suppose that X is of finite type or that G is of finitely generated.
Then there is a split short exact sequence

0— H"(X)®G — H"(X;G) — Tor(H""(X),G) — 0.
(2) In this situation, if f : X — Y is a map, there is a commutative diagram

00— H"(Y)®G —> H™Y;G) —> Tor (H"t(Y),G) —= 0

N |

0—= H"(X)®G — H™(X;G) — Tor (H"*(X),G) —= 0.

Proof. Again we omit the purely algebraic argument, but we note that, while the
cochain groups C*(X) are not in general free, they are torsion-free, and that fact,
together with our additional hypotheses, suffices to be able to apply that argument.

O

We have the following corollary (compare Corollary 5.3.13).

Corollary 5.5.9. In the situation of Theorem 5.5.8, let f : X — Y and suppose that
f*H"(Y) = H"(X) is an isomorphism for all n. Then f*: H"(Y;G) — H"(X;G)
is an isomorphism for all n.

We also have the analog of Theorem 5.3.16.

Theorem 5.5.10. In the situation of Theorem 5.5.8, let ¢ : G| — G, be a homomor-
phism. Then there is a commutative diagram of split short exact sequences, with all
vertical maps induced by ¢,

0— A X)®G; — H"(X;G,) — Tor (H"t(X),G;) —=0

| | |

0— H"(X)®Gy —> HY(X;G,) —= Tor (H"t(X),G,) —= 0.

It is natural to expect that there will be a close relationship between homology
and cohomology, and that is indeed the case. We develop that now.
Given the definition of the dual chain complex, we have the evaluation map

e: C"(X)®Cy(X) — Z
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given by evaluating a cochain on a chain, i.e.
e(y,c) =y(c) foryeC'(X), c € Cy(X).
Lemma 5.5.11. The evaluation map e induces a map
e H'(X)®H,(X) — Z

by e([v],[c]) = v(c), where y (resp. c) is a representative of the cohomology class
[y] (resp. the homology class [c]).

Proof. We can restrict e to evaluate cocycles on cycles,
e:Z'"X)RZy(X) —Z

by e(y,¢) = ¥(c). But then if ¢ is a boundary, ¢ = dd, e(y,c) = e(y,dd) = e(8y,d) =
¢(0,d) = 0, and similarly if 7 is a coboundary. O

Given this lemma, we have a map
e:H"(X) — Hom (H,(X),Z)

given by

i.e., f =e([y]) is the homomorphism f : H,(X) — Z given by f([c]) = ¥(c).
This construction can be performed with arbitrary coefficients, to obtain maps

¢ H'(X;G) @ Hy(X) — G
and
e:H"(X,G) — Hom (H,(X),G).

Theorem 5.5.12 (Universal coefficient theorem). (1) For any space X and
abelian group G, there is a split short exact sequence

0 — Ext(H,_1(X),G) — H"(X;G) < Hom (H,(X),G) — 0.

2) If f: X — Y is a map, there is a commutative diagram
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0 — Ext(Hn-1(Y),G) —= H"™(Y;G) — Hom (Hn(Y),G) —=0

| | |

0 — Ext(Hn-1(X),G) — H™(X:G) — Hom (Hyp(X),G) —= 0.

Proof. Again this is a purely algebraic argument which we omit. a

Note that this theorem has important consequences even (indeed, especially) in
the case G = Z.

Corollary 5.5.13. Let f : X — Y induce an isomorphism f. : Hy,(X) — H,(Y) for
all n. Then f* : H*(Y) — H"(X) is an isomorphism for all n.

Corollary 5.5.14. If the inclusion (X —U,A—U) — (X,A) is excisive for singular
homology, it is excisive for singular cohomology.

Corollary 5.5.15. Let X be a space of finite type and suppose that Hy(X) =~ F, ® T,,
where F, is a free abelian group and T, is a torsion group, for each n. Then

H'(X)~F,& T,

for each n.
Proof. This follows from the computation of Ext in Lemma A.3.12. a

Corollary 5.5.16. Let X be a space of finite type. Then H" (X)) is finitely generated
forall n.

Example 5.5.17. The integral singular cohomology of RP" is as follows:

0 k>n
k=nodd
HY(RP") = 0 k=mneven
Zo 1<k<n-—1even
0 1<k<n-—1odd
Z k=0,
as we see from Corollary 5.5.15 and Theorem 4.3.4. O

Remark 5.5.18. We may take Hom ( ,R) where R is a commutative ring, and then
H"(X;R) becomes an R-module. In particular we may take R = F, a field. We then
see that H,(X;F) and H"(X;FF) are F-vector spaces, and either they are both
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finite-dimensional vector spaces or they are both infinite-dimensional vector spaces.
In case they are both finite-dimensional, then they are dual vector spaces with the
pairing

e: H'(X;F)QHy(X;F) —F

being nonsingular.
(In particular, H*(X;F) and H,(X;F) are F-vector spaces of the same
dimension.) O

We have Theorem 5.5.12, which tells us how to pass from homology to
cohomology, and now we have a theorem which tells us how to pass back (under
favorable circumstances).

Theorem 5.5.19 (Universal coefficient theorem). (1) Let X be a space of finite

type. For any abelian group G there is a split short exact sequence

0 — Ext(H""'(X),G) — H,(X;G) - Hom (H"(X),G) — 0.

) If f: X — Y is a map, where both X and Y are spaces of finite type, there is a
commutative diagram

0 — Ext(H"*(X),G) —= Hp(X;G) —= Hom (H"(X),G) —=0

| | |

0 —= Ext(H"*\(Y),G) —= Hyp(Y,G) —= Hom (H"(Y),G) —= 0.

Proof. Again we omit this purely algebraic proof. a

(The reader has undoubtedly observed by now that we have several theorems
called the universal coefficient theorem. This reflects the fact that all these theorems
have this name in the literature.)

Recall we defined the Euler characteristic y(X) of a space X with finitely
generated homology in Definition 4.2.19. We observe:

Theorem 5.5.20. Let X be a space with finitely generated homology. Let F be an
arbitrary field. Then y(X) is given by
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i (—1)"rank H,(X;Z)
n=0

i (—1)"rank H"(X;7Z)
xx)={""
Y (—1)"dimH,(X;F)
n=0

S (—1) dimH" (X:F).
n=0

Proof. This follows directly from the universal coefficient theorems. (If I is a field
of characteristic zero, then all of these ranks are equal for every integer n. If F does
not have characteristic 0, that may not be the case, depending on the space X, but
nevertheless the alternating sums have the same value.) a

Remark 5.5.21. Recall that we chose a canonical identification of Hy(*;Z) with Z,
with 1, € Hy(x : Z) being identified with 1 € Z.

This gives a canonical identification of H®(x;Z) with Z as well: The class 1* €
HO(%;Z) is the class that evaluates to 1 on 1, € Hy(*;Z) under the evaluation map
of Lemma 5.5.11, i.e., we have the equation e(1*,1,) = 1.

Now let X be an arbitrary nonempty space. Then we have the (unique) map € :
X — x and hence we have the identical maps &, on homology and £* on cohomology.
Under the above identifications, we may regard €, : Hy(X;Z) — Z and €* : Z —
HO(X;Z). In particular we let 1¥ € HO(X;Z) be £*(1*).

(In case X is path connected, we have the class 1x € Hy(X;Z) which is the image
of 1, under an arbitrary map * — X, and then we again have (1%, 1x) = 1.)

We have stated this for Z coefficients for simplicity but this gives 1¥ € H?(X)
for arbitrary coefficients by the universal coefficient theorem.

(We will sometimes abbreviate 1% to 1, or 1y to 1, when there is no possibility
of confusion.) O

Finally, we have a Kiinneth formula for cohomology as well as for homology.
Again we need finiteness assumptions.

Theorem 5.5.22 (Kiinneth formula).
(1) Let X andY be spaces of finite type. There is a split short exact sequence

(2) For any spaces X, Y, Z, W and maps f : X — Z, g: Y — W, there is a
commutative diagram
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0— (HX(Z)® H*(W))" —= H"(Zx W) — (Tor (H*(Z) ,H*(W)))"+!—=0

| | |

0— (H¥(X)H*(Y))® — H™"(XxY) — (Tor (H*(X),H*(Y)))"* — 0.
In the statement of this theorem,

(1 (X) @ B (V)Y = D H (X) & H'I(Y),
=0

n+1
(Tor (H*(X),H.(Y)))"*" = @ Tor (H' (X),H" '/ (Y)).
j=0

We identify H"(X) @ H°(Y) with a subgroup of H"(X x Y) by the inclusion in
the Kiinneth formula. We then have the analog in cohomology of Lemma 5.4.8.

Lemma 5.5.23. Let w:X XY — X be projection on the first factor. For any element
o of H'(X),

()= a1,

We also have another corollary of the universal coefficient theorem.

Corollary 5.5.24. Let F be a field. Then for any spaces X and Y of finite type,
(H"(X;F)@H*(Y;F))" — H"(X xY;F)

is an isomorphism.

Remark 5.5.25. In exactly the same way that Theorem 5.4.9 generalizes
Theorem 5.4.4, and under the exact same additional hypothesis, the Kiinneth
formula for the cohomology of a product of spaces generalizes to the Kiinneth
formula for a product of pairs. O

5.6 Cup and Cap Products

In this section we fix a commutative ring R and an R-algebra M, and assume all of
our homology and cohomology groups have coefficients in M. The most important
special case is where R = Z and M is a Z-algebra, i.e., a commutative ring. Of
course, this includes the case when M is a field. We suppress the coefficients from
our notation.
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Our goal in this section is to define the cup product
U: H/(X) @ HY(X) — HIT(X)
and the closely related cap product
N:H (X) @ Hj(X) — H(X).

As we shall see, the cup product gives the cohomology of a space X an algebra
structure, or, more precisely, the structure of a commutative graded algebra. It is this
extra structure that makes cohomology more powerful than homology.

We begin by revisiting our work from Sect. 5.4, where we defined the cross
product in homology. Given one crucial step, a more precise formulation of the
Eilenberg-Zilber theorem, we can define the cross product in cohomology in almost
exactly the same way. It is then easy to obtain the cup product from the cross product
in cohomology, using the contravariance of cohomology. We obtain the cup product
by first defining the slant product and then using the covariance of homology.

Again, for simplicity, we will begin by developing the theory for spaces, and then
we will state the analogous results for pairs.

We remind the reader of the definition of cross product on chains,
Definition 5.4.1, and of Lemmas 5.4.2 and 5.4.5.

We then have the precise version of the Eilenberg-Zilber theorem, Theorem 5.4.4.

Theorem 5.6.1. There are natural maps of chain complexes
E:C.X)RC(Y) — Ci(X xXY)
and
F:CiXXY)— C(X)RC(Y)

that are inverse chain equivalences, i.e., that are chain maps that induce inverse
isomorphisms on homology

E.:H,(C.(X)®C,(Y)) — Ho(C.(X X Y)),
F,: H (Co(X X Y)) — H,(Co(X) @ Co(Y)).

Here E is the map of Lemma 5.4.2, and we do not define . With this more
precise definition the cross product on chains

X CJ(X) ®Ck(Y) — Cj+k(X X Y)
is the map given by

(®,¥) —s E(® x P).
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Now consider a singular cochain. It is an element of the dual of the space of
singular chains, so it is determined by its values on singular chains, and indeed by
its values on a basis of the group of singular chains. Now, given

fecdi(x) and gecCh(X)
and

D cCi(X) and Ve C(X)
we have the evaluation map

(f:8)(@,¥) = f(@)g(*F).
(Note in taking this product we are using the hypothesis that our coefficients are in
an algebra.)
It is immediate that this evaluation map is bilinear, giving a map
(CI(X)@CHY)) @ (Ci(X) @ Cr(Y)) — M.

Recall that Cj(X) ® C(Y) is one summand in

CX)RC(Y)) k= P CrX)DCy(Y)
prq=j+k

and we extend this map to
x 1 (C1(X)@CHY)) @ (Cu(X) ®C(Y)) jik — M

by requiring that it be identically zero on the other summands.
This is almost what we need, and the missing link is provided by the other
Eilenberg-Zilber map.

Definition 5.6.2. The cross product on cochains
X ClX)ochY) — T (X xY)
is the map given by
feg— (fxg)(F),

ie.,if c € Cj11(X xY)is achain, and F(c) = ¥ m;®; ® ¥, then

(fxg)e Zmlf o
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Lemma 5.6.3. In this situation,

8(f xg)=(8f)xg+(—1)f x(8g).

Proof. Entirely analogous to the proof of Lemma 5.4.3. a

Lemma 5.6.4. The cross product induces a map
x:H/(X)@HNY) — HIT (X x Y).

Proof. Entirely analogous to the proof of Lemma 5.4.5. O
We record several properties of both cross products. First we have naturality.
Theorem 5.6.5. Let o : X; — X, and B : Yy — Y» be maps. Then there are

commutative diagrams

Hj(X1) ®@ Hg(Y1) —— Hjp(X1x Y1)

R P \L i(aXﬁL

Hj(Xp) @ Hg(Y2) —— Hj(Xax Y2)

and

HI(X2)@ HE (V) ——= HITF(Xyx Y3)

a'®p” \L i (axpB)”

HIi(X1)@H*(Y)) —— HITF (X x Y1)

where in all cases the horizontal maps are cross products.

Proof. This follows directly from the covariance/contravariance of the maps on
homology/cohomology and the naturality of the Eilenberg-Zilber maps. a

Next we have some algebraic properties.

Theorem 5.6.6. (1) The cross product on both homology and cohomology is
bilinear, i.e., ux (c1vi+cava) =c1(uxvy)+ca(uxvy) and (cruy +coup) X v=
c1(ug xv) +ca(ua X v) as (co)homology classes in H.(X X Y) or H*(X x Y).

(2) The cross product is associative, i.e., ux (v x w) = (u X v) xw as (co)homology
classes in H(X xY x Z) or H*(X XY X Z).

(3) Lett : X XY — Y XX by t(x,y) = (y,2). Let u € Hj(X) and v € Hi(Y). Then
to(u xv) = (=1)*%(v x u). Similarly, ifu € H/(X) and v € H*(Y), then t*(u x
v) = (= 1) x u).
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Closely related to the cross product is the slant product. We have already seen
that the map

C/(X)®Cj(X) — R
given by evaluation of cochains on chains,
fo@— f(®)
gives a map on homology/cohomology
H/(X)®H;(X) — R.
(This is the evaluation map of Lemma 5.5.11 that gives the map H/(X) —
Hom (H;(X),R) in the universal coefficient theorem, Theorem 5.5.19.)
Instead we consider the map
C/(X) @ (Ci(X) @ C(Y)) — C(Y)
given by
fR(@RY)— f(D)Y.
We can easily extend this to a map
CI(X) @ (C.(X) ©.C.(Y)) 41— Cu(Y)
by requiring
fR(DPRY)—0

if®eCyX),WYeCyY), forp+#j,q#k
Again we have the Eilenberg-Zilber map

F:CiXXY)— C(X)RC(Y)
and taking the composite gives us the slant product
\ O/ (X)@Cj (X xY) — Cr(Y).
Lemma 5.6.7. The slant product induces a map

\:H/(X) @ Hj (X xY) — H(Y).
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The naturality of the slant product is more complicated to state, because of the
mixed variance.

Theorem 5.6.8. Let ot : X; — X and B : Y| — Y be maps. Let u € H/(X,) and
veHj(Xy xY1). Then

Bu(o (w)\v) = u\ (o x B)«(v) € Hi(Y2).

Bilinearity, on the other hand, is much the same.

Theorem 5.6.9. The slant product is bilinear, i.e., (ciuj + coup)\v = c1(ur\v) +
c2(ua\v) and u\(c1vi + cava) = c1(u\v1) + c2(u\v2) as homology classes in Y.

It is now easy to define the cup product and the cap product.

Definition 5.6.10. The cup product
U: H/(X)® HY(X) — HIT(X)
is the map defined as follows: For x € H/(X) and y € H*(X),
xUy=A"(xxy)

where x X y is the cross product of x and y, an element of Hitk (X xX), and A*:
H/MH(X x X) — H/(X) is the map induced on cohomology by the diagonal map

A X —XxX

givenby A(p) = (p,p)- 0
Definition 5.6.11. The cap product

N:H/ (X) @ Hj(X) — Hi(X)
is the map defined as follows: For x € H/(X) and y € H; (X)),
xNy=x\A()
where A, : Hjx(X) = Hj (X x X) is the map induced on homology by the

diagonal map A.

We have defined the cup and cap products from the cross and slant products. But
in fact we can recover cross and slant products from a knowledge of cup and cap
products.

Lemma 5.6.12. Letm; : X XY — X and mp : X XY — Y be projection on the first
and second factors respectively.
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(1) Let o € H/(X) and B € H*(Y). Then
axB=m*(e)Um*(B)=(ax1V)u(1* xp).
(2) Let o € H/(X) and B € Hj (Y ). Then

0\B = 7. (my" () N B).

Proof. We prove the first of these. The last equality is just Lemma 5.5.23. To prove
the first, let A : X XY — (X X Y) x (X xY) be the diagonal. Then, by definition,

m* () Um*(B) = A" (m™ (o) x m*(B))
=AY (m* x m") (o x B)
= ((m x m)A)* (o x B)

=axp

as (m; X m)A is the identity map. O

We now summarize some properties of cup and cap products. These follow fairly
directly from our previous work and from the properties of cross and slant products.

Theorem 5.6.13. (1) The cup product is associative.

(2) Cup and cap products are bilinear with respect to addition of cohomology and
homology classes.

(3) Ifa € H/(X) and B € H*(X),

BUo = (—1)*aUP.

(4) Forany o€ H"(X), 1X Uo = o, and for any y € H; (X), 1X Ny =1.
(5) Forany o€ H/(X), B € HX(X), and y € H/(X),

an(Bny)=(aup)ny.
(6) Forany o € H/(X) and y € H;(X),
e.(any) =e(a,y).
(7) Forany oo € H/(X), B € HX(X), and y € H; 1 1(X),
e(a, fNy) =e(aUB,y).
(8) Let f:X — Y. Forany { € H/(Y) and o € Hj(X),

(@) Nna) =Enfi(a) € Hi(Y).
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We also record the following more complicated relationship between cup, cap,
and cross products, which includes Lemma 5.6.12(1) as a very special case.

Theorem 5.6.14. (1) Let o € H/(X), B € H*(X), y € H'(Y), and § € H"(Y).
Then, ifn=j+k+1+m,

(aUB) x (yn8) = (—D!(axy)U(B x §) € H'(X x ).
() Let o € H/(X), B € Hjx(X), yE H(Y), and 6 € Hy 1y (Y). Then, if n =k+m,
(anP) x (yné) = (-1 (axy)N(Bx &) € Hy(X xY).

This follows from the previous properties we have obtained with enough careful
attention to detail (including signs). Note in (2) that the first and third cross products
are in homology and the second is in cohomology.

Many of the properties of the cup and cap product that we have stated can be
subsumed under the following theorem. (See Definition A.1.13 for the definition of
a graded algebra and module.)

Theorem 5.6.15. (1) For any nonempty space X, . = @;H'(X) is a graded
commutative R-algebra and N = @, H;(X) is a left /-module.

(2) Let X andY be nonempty spaces and let f : X — Y be amap. Let 7 = @, H'(X)
and . = @;H'(Y). Then f* : ¥ — 7 is an R-algebra homomorphism.

Corollary 5.6.16. If X and Y are homotopy equivalent, then @;H'(X) and
@, H'(Y) are isomorphic as graded R-algebras.

We now consider homology and cohomology of pairs. Again we can define cup
and cap products (through with some mild restrictions) and the results we obtain are
almost the same.

Theorem 5.6.17. Let X be a space and let C and D be subspaces of X. Assume that
{X xC,D x X} and {C,D} are both excisive couples. Then there is a cup product

U:H/(X,C)® H*(X,D) — H/tk (X, cuD)
and a cap product

N:H/(X,C)®H;1(X,CUD) — Hy(X,D).
Proof. The condition that {X x C,D x X} be excisive is necessary in order to apply
the Eilenberg-Zilber theorem, and the condition that {C, D} be excisive is necessary

to obtain the analog of Lemma 5.6.12. Otherwise, the constructions are entirely
analogous (though more complicated). O
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The following particulary useful special cases of this theorem are worth point-
ing out.

Corollary 5.6.18. Ler (X,A) be a pair. In part (1), assume that {X X A,A x X} is
an excisive couple.

(1) There is a cup product
U:H/(X,A) @ H*(X,A) — H/TH(X | A)
and a cap product
N:H (X,A)@H; (X, A) — Hi(X,A).
(2) There is a cup product
U:H/(X)® H*(X,A) — HIT (X | A)
and a cap product
N:H/ (X)®Hj 1 (X,A) — Hi(X,A).
(3) There is a cup product
U:H/(X,A)® HY(X) — H/TH (X, A)
and a cap product
N:H/(X,A) @ H; (X, A) — He(X).

Proof. (1) This is the special case C = D = A of Theorem 5.6.17.
(2) This is the special case C = A, D = () of Theorem 5.6.17.
(3) This is the special case C =0, D = A of Theorem 5.6.17.
In (1), we need the hypothesis that {X x A, A x X } is excisive. But in these special
cases, all the other excisiveness hypotheses are automatic. a

Remark 5.6.19. Note that if A is nonempty then @; H'(X,A) is a graded commuta-
tive ring without 1. For example, if X is a path connected space and A is a nonempty
subspaces of X, then H%(X,A) = {0}. O

Otherwise the analogous statements all hold and we will not bother to explicitly
formulate them.
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5.7 Some Applications of the Cup Product

In this section we give several applications of the cup product. We begin by
considering a pair of spaces that have the same (co)homology groups, and show they
have different cohomology ring structures, so they cannot be homotopy equivalent.
Then we compute the ring structure on the cohomology of RP" and CP", and use
the result for RP" to derive the Borsuk-Ulam theorem.

Example 5.7.1. We take Z coefficients. Let p,q > 1. Then H”(SP) = Z and we
choose a generator a. Also, H7(S9) = Z and we choose a generator 3. Now consider
H*(SP x §9). It is given, in case p # ¢, by

n=p+q
n=p,q
n=0

otherwise

H'(SP x §7) =

S N NN

and in case p = g by

Z n=p+q
7®7Z n=p=gq
n=20

0 otherwise.

H'(SP x §) =

If m : SP x §7 — SP is projection on the first factor and 7, : SP x §7 — S is pro-
jection on the second factor, then, by Lemma 5.5.23, in case p # g, HP(S? x §9) is
generated by & = 7" (o) ® 1 and HY(SP x §9) is generated by B = 1@ m>*(B), while
in case p = g, HP(S? x §9) is generated by the two classes & and ﬁ . In either case, by
the Kiinneth formula, we have an isomorphism H? (SP) @ H?(S7) — HP9(SP x $9)
which is given by the cross-product. Thus H?T9(SP x §9) is generated by 7= o X f3.
But by Lemma 5.6.12 this gives

7=0aUp. o

Example 5.7.2. Again we take Z coefficients. Let p,g > 1. Let Y = SP vV 8§79V SP19,
i.e., the union of §7, $9, and SP¢ with all three spaces identified at one point.

Let Z =57V SY CY and note that we have a retraction f : Y — Z given
by collapsing SP*9 to the identification point. Then f* : H"(Z) — H"(Y) is an
isomorphism for n = p,q. Let o be a generator of H”(S”) and B be a generator
of H1(S%). Let & = f*(a) and B = f*(B). Note that c UB = 0 as a U € H4(Z)
= {0}. But then

aUp =f () uf(B) =" (aUB) = f'(0) =0. o
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Theorem 5.7.3. Let X = SP x 89 and Y = SP\/ S1V SPT4. If p and q are not both 0,
then X and Y are not homotopy equivalent.

Proof. If p =0 or ¢ =0 this is trivial.
Suppose p,q > 1. Then by Examples 5.7.1 and 5.7.2 X and Y have nonisomorphic
cohomology rings, so by Corollary 5.6.16 they are not homotopy equivalent. O

Here is another computation of a cohomology ring.

Lemma 5.7.4. (1) Let n > 1. Let oo € H'(RP";Z,) be a generator. Then of €
H*(RP™,Z,) is a generator for all k < n.

(2) Let n > 1. Let o € H*(CP";Zy) be a generator. Then o € H**(CP%,7Z) is a
generator for all k < n.

Proof. The proofs are almost identical so we prove (1).

We prove this by induction on n. The case n = 1 is trivial. Assume the
lemma is true for n and consider RP"*!. The inclusion RP" < RP"*! induces
isomorphisms on (co)homology in dimensions at most n. That readily implies that
ok e Hk(RP”“;Zg) is a generator for all £ < n, so it remains to prove that otl
generates H" (RP" 1, Z,).

Let RP" have homogeneous coordinates [, ...,x,] and let RP! have homoge-
neous coordinates [yo,y;]. Then we have a map r : RP" x RP! — RP?**! given by

(%05 - - -y Xn]s Yo, 01]) ¥ [X0Y05 - - - s XnY0, X0V 15 - « « s X V1] -

Let « € H'(RP**"!;Z,) be the generator. We will show that o' €
H"(RP>"+1,7,) is the generator. Since the inclusion RP"+! «— RP?"*! induces
isomorphisms on homology in dimensions at most n + 1, that yields the inductive
step.

Consider the map p : RP* — RP" x {[1,0]} — RP" x RP' — RP?**!, Then
B = p*(a) is the generator of H!'(RP";Z,) and by the inductive hypothesis
B" = (p*(a))" = p*(a") is the generator of H"(RP";Z,). Similarly, if ¢ :
RP' — {[1,...,0]} x RP' < RP" x RP! — RP*"*!| y = ¢*(a) is the generator of
H'(RP';Z,).

But then, by Lemma 5.5.23 m;*(8") x 1 is the generator of H"(RP";Z;) ®
HO(RP",Z;) C H"(RP" x RP';Z;) and 1 x m*(y) is the generator of
HO(RP";Z,) ® H'(RP';Z,) C H"(RP" x RP';Z,). But then by the Kiinneth
formula

(m*(B") x DU x m"(y)) = m"(B") x m"(7)

generates H" (RP" x RP';7Z,).
But this class is just

) Urt(a) = r(a)"Ur*(a) = r* (" Ua) = r* (o)
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so o’ ! must be the generator of H" ™! (RP?"*1;7,). 0

Corollary 5.7.5. Letn>m> 1. If f : RP" — RP™ is any map, then f, : H (RP") —
H(RP™) is the zero map.

Proof. If m = 1, then H, (RP") = Z, and H;(RP™) = Z and the only map from Z,
to Z is the zero map. Suppose m > 1. Then H; (RP") = Z; and H,(RP™) = Z,, so
[« 1s either an isomorphism or the zero map.

Assume f; is an isomorphism. Then f; : H} (RP";Z,) — H,(RP™;Z,) is an iso-
morphism, by the universal coefficient theorem, and hence so is f* : H' (RP";Z,) —
H'(RP";Z,). Let o be the generator of H'(RP™;7Z;) so that B = f*(a) is the
generator of H' (RP";Z,). Then by Lemma 5.7.4,

07#B" = (f"(e)" = f*(a") = £7(0) =0,
a contradiction. (Note " =0 as o" € H"(RP™;Z;) =0 as n > m.) O

As a consequence of this we have the famous Borsuk-Ulam theorem.

Theorem 5.7.6 (Borsuk-Ulam). Let n > 1. Let f : " — R" be any map. Then
there is an x € §" with f(x) = f(—x).

Proof. Assume there is no such point x and define g : §" — §"~! by

fx) = f(=x)

&) = [ = A

Observe that g(—x) = —g(x).
Recall that for any n, RP" is the quotient of S" by the antipodal map a(x) = —x.

Then we have the 2-fold covering maps py : S — RP*, k =n— 1 or n, and a well-
defined map 4 : RP" — RP"~! given by

h(pa(x)) = pn-1(8(x))-

Then we have a commutative diagram

qn 9 5 Snfl

Rpn s RPL,

By Theorem 2.2.8, the map £ lifts to a map & : RP* — "~ if and only if

he (R (RP")) C (pu—t)«(m (8"71)).
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We note that 71 (RP") and 7; (RP""!) are abelian, so they are isomorphic to
H;(RP") and H, (RP"~!) respectively, and thus that will be the case if and only if

h(Hi (RP")) C (pa—1)+(H1 (S"71)).

But by Corollary 5.7.5, h, is the 0 map, so this is certainly true.

Now to complete the proof. We observe that p,_1Ap, = p,_1g, i.e., hp, and g
are both liftings of & to a map from S” to §"~ .

Pick xo € S". Then hp, (xo) is one of the two points in S"~! covering

Pn-1(g(x0)), i.e.,
hpa(x0) = g(xo) or —g(xo) = g(—xo)-
If ip,(x0) = g(x0), set x; = xo. Otherwise set x| = —xg and observe
hpn(x1) = hpu(—x0) = hpa(x0) = g(—x0) = g(x1).

Thus in any case we have found a point x; on which both lifts of 4 agree. By the
uniqueness part of Theorem 2.2.8, this implies that they agree everywhere. But that
is a contradiction as on the one hand, since the lifts agree at —x,

hpa(—x1) = g(=x1),
and on the other hand, since p,(—x1) = pn(x1),
hpu(=x1) = hpa(x1) = g(x1),

but

g(—x1) = —g(x1) # g(x1).

5.8 Exercises

Exercise 5.8.1. Let A be a nonempty subspace of X. Show there is an exact
homology sequence
co — Hi(A) — Hi(X) — Hi(X,A) — -
Hy(X,A) — Hy(A) — Ho(X) — Ho(X,A) — 0.
Exercise 5.8.2. (a) Let o € Hy(X,A). Show there is a compact pair (¥, B) C (X,A)

and an element 3 € Hy(X,A) such that o = i, (), where i : (Y,B) — (X,A) is
the inclusion.
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(b) Let (Z,C) C (X,A) be a compact pair and leti: (Z,C) — (X,A) be the inclusion.
Let v € Hi(Z,C) with i.(y) = 0. Show there is a compact pair (Y,B) with
(Z,C) C (Y,B) C (X,A) such that j.(y) =0, where j : (Z,C) — (Y,B) is the
inclusion.

Note this shows that singular homology is compactly supported.

Exercise 5.8.3. Find an example of a path connected space X with H;(X) =0,
and two path connected closed subspaces X; and X, of X with X = X UX>,, where
A = X NXj; is not path-connected.

Note this shows that the Mayer-Vietoris sequence cannot be exact in this
situation. In fact, give an example of this where X, X|, and X, are each contractible,
and where A is the union of two contractible path components.

Exercise 5.8.4. Compute H.(RP" x RP™;G), where (a) G = Z; or (b) G =Z.

Exercise 5.8.5. Prove Theorem 5.5.20: The Euler characteristic of any space with
finitely generated homology may be computed using coefficients the integers Z or
any field, and using homology or cohomology (i.e., that the answers so obtained are
the same in all cases).

Exercise 5.8.6. Let X and Y be any spaces with finitely generated homology. Show
that y(X xY) = x(X)x(Y).

Exercise 5.8.7. Let (X,A) be any pair such that X and A both have finitely
generated homology. Assume A is nonempty. Show that y (X /A) = x(X) — x(A)+1.

Exercise 5.8.8. Let I be a field. Describe the ring structure on H*(X x Y;F) in
terms of the ring structures on H*(X;F) and H*(Y;F).

Exercise 5.8.9. The join X %Y of two spaces X and Y is the quotient space X X
[—1,1] xY/ ~ where ~ is the identification (x,—1,y;) ~ (x,—1,y,) for any y;,y, €
Y and (x1,1,y) ~ (xp,1,y) for any x,x; € X.

(a) Show that S° Y is homeomorphic to XY, the suspension of Y.

(b) Show that §'* S/ is homeomorphic to S+/*1,

(c) Show that S¥ %Y is homeomorphic to SkHly  the (k + 1)-fold suspension
Z(Z(---(ZY))) of Y.

Exercise 5.8.10. LetX andY be spaces with y (X) and y (Y) defined. Find y (X *Y).

Exercise 5.8.11. Compute H,(X *Y;G) in terms of H.(X;G) and H,(Y;G) in each
of the following cases: (a) G is a field, and (b) G = Z and both H,(X;G) and
H,(Y;G) are torsion-free.

Exercise 5.8.12. A space has category n if it can be written as the union of n open
contractible subspaces, but no fewer. A space has cup length m if there are m positive
dimensional cohomology classes whose cup product is nonzero, but no more. Show
that the category of a space is greater than its cup length.

Exercise 5.8.13. Show that each of RP" and CP" have category n + 1, for every n.



Chapter 6
Manifolds

Manifolds are a particulary important class of topological spaces. On the one hand,
there are branches of topology entirely dedicated to studying them, and on the other
hand, they appear throughout much of mathematics. It would take us too far afield
to describe how they arise, but they have very special properties from the point of
view of algebraic topology. It is these that we investigate here.

We begin by defining manifolds, then investigate orientations, and finally arrive
at duality theorems.

Recall that a topological space is Hausdorff if any two distinct points have
disjoint open neighborhoods, and separable, or second countable, if it has a
countable basis for its topology.

6.1 Definition and Examples

Definition 6.1.1. A topological space M is an n-dimensional manifold (or
n-manifold, for short) if M is a separable Hausdorff space and if every point
X € M has a neighborhood U, that is homeomorphic to R”. O

Lemma 6.1.2. M is an n-manifold if and only if M is a separable Hausdorff space
and M has an open cover {Uy} with each Uy, homeomorphic to R™.

Definition 6.1.3. Let M be an n-manifold as in Lemma 6.1.2 and for each ¢, let
@o : R" — Uy be a homeomorphism. Then {(Uy, @¢)} is an atlas for M and each
(Ua, @) is a coordinate patch. O

In this situation we will often simply refer to U, as a coordinate patch when it is
not important to specify the homeomorphism ¢y .
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Remark 6.1.4. Since R" and D" (the interior of the unit disk in R") are
homeomorphic (e.g., by the map f(x) = x/(|x| + 1)), we may replace R” by D"
in the above. O

Definition 6.1.5. M is a compact n-manifold if it is an n-manifold that is compact
as a topological space. %

Here are some examples of manifolds.

Example 6.1.6. (1) R" is an n-manifold. More generally, any open subset of R” is
an n-manifold.

(2) §" is a compact n-manifold. (For any point x € ", $" — {x} is homeomorphic
to R™)

(3) If M is an m-manifold and N is n-manifold, then M X N is an (m + n)-manifold.

(4) If p: Y — X is a covering projection, then X is a manifold if and only if Y is a
manifold. If Y is compact, then X is compact. If X is compact and p is a finite
covering, then Y is compact. Thus we see that RP" is a compact n-manifold, and
each lens space L~ '(k; ji,...,jm) of Example 2.3.4 is a compact (2m — 1)-
manifold.

(5) Consider RP" = {[xg,...,x,]}. Fori=0,...,n,let p; = [xg,...,X,] where x; = 1
and x; = 0 for j # i. Then RP" — {p;} is homeomorphic to R", again showing
that RP" is an n-manifold. Next consider CP" = {[zo,...,2,]} and similarly
let g; = [z0,...,2s) Where z; = 1 and z; = O for j # i. Then CP" — {g;} is
homeomorphic to C*, so CP" is a (2n)-manifold. Furthermore, RP" is the image
of " under the map (xo,...,%;) — [Xo,...,%,], and CP" is the image of $2"*!
under the map (2o, .-.,2n) — [20,- - -,2n), 50 RP" and CP" are both compact.

O

Closely related to the notion of a manifold is that of a manifold with boundary.
We let R". denote the closed half-space in R” given by R% = {(x1,...,x,) € R" |
X, > 0}. By definition, Rg =0.Forn>1,welet IR ={(xi,...,x,) € R" | x, =0}.

Definition 6.1.7. A topological space M is an n-dimensional manifold with bound-
ary (or n-manifold with boundary, for short) if M is a separable Hausdorff space and
if every point x € M has a neighborhood U that is homeomorphic to R” or R’} .
The interior int(M) = {x € M | U, is homeomorphic to R"} and the boundary
OM = {x € M | U, is homeomorphic to R” }. O

Theorem 6.1.8. If M is an n-manifold with nonempty boundary then int(M) is an
n-manifold and oM is an (n — 1)-manifold.

Proof. The first statement is clear. As for the second, if x € M and ¢ : R%Y = Uis
a homeomorphism with x € ¢,(dR’} ), then ¢,|dR’. is a homeomorphism of JR"
(itself homeomorphic to R"~!) to the neighborhood U N dM of x in IM. O

We have the analogs of Lemma 6.1.2 and Definition 6.1.3.



6.2 Orientations 97

Lemma 6.1.9. M is an n-manifold with boundary if and only if M is a Hausdorff
space and M has an open cover {Uqy} with each Uy homeomorphic to either R"
or R

Definition 6.1.10. Let M be an n-manifold with boundary as in Lemma 6.1.9 and
for each ¢, let @y : R" — Uy or @ : R — Uy be a homeomorphism. Then
{(Uq, ®a)} is an atlas for M and each (Ug, @y) is a coordinate patch. O

Example 6.1.11. (1) Every manifold M is a manifold with empty boundary.

(2) Forevery n > 1, D" is a manifold with boundary whose boundary is §"~!.

(3) Let M be an arbitrary n-manifold, n > 1. Let ¢y : R” — Uy C M be a coordinate
patch. Let D" be the open unit ball in R”. Then M — ¢y, (lo)”) is a manifold with
boundary whose boundary @, (S"~!) is homeomorphic to §"~!. O

We have the following very important (and highly nontrivial) homological
properties of manifolds.

Theorem 6.1.12. (1) Let M be an n-manifold (possibly with boundary). Then
Hy (M) = HY(M) = 0 for all k > n.

(2) Let M be a compact n-manifold (possibly with boundary). Then Hy(M) and
H*(M) are finitely generated for all k.

6.2 Orientations

In this section we develop the notion of orientation. We let G = Z/2Z or Z.

Lemma 6.2.1. Let M be an n-manifold and let x € M be arbitrary. Then
H,(M,M — x;G) is isomorphic to G.

Proof. Let (Ug, @) be a coordinate patch with x € @q. Let p = @' (x), p € R".
Then we have maps

(R",R"—{p}) — (Ua,Uo — {x}) — (M, M —x)

where the first map is @, and the second map is the inclusion. Now H,(R",R" —
{p};G) is isomorphic to G. The first map induces an isomorphism on homology as it
is a homeomorphism of pairs and the second map is an isomorphism as it is excisive.
M—-Uy=M—-Uy CM—x=int(M —x)). Thus H,(M,M — x;G) is isomorphic to
G as well. O

Definition 6.2.2. A local G-orientation on M at x is a choice of isomorphism @, :
G — Hy(M,M — x;G). O

To (attempt to) define a G-orientation on M we need to see how local
G-orientations fit together.
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Definition 6.2.3. (1) Let x and y both lie in some coordinate patch Uy. Let ¢y :
R" — Uy and set p = ¢, ' (x) and ¢ = @, ' (y). Let D be a closed disc in R”"
containing both p and g. The local G-orientations @, and @,, are compatible if
the following diagram commutes

Ho(MM —2,G) ~—— Hp(Uy,Us — 2;G) 1Pl H,(R",R™ — p;G)

G H,(R",R" - D;Q)

- 1~
(Wa)*

Ho (MM —y;G) ~——— Hy(Un\Ua — 43 G) =~ H, (R",R" — ¢;G)

where the unlabelled maps are all induced by inclusions. O
(2) Letxandyboth lie in the same component of M. Then @, and @, are compatible
if there is a sequence of points xg = x,Xq,...,x; = y with x; and x;;; both
lying in some coordinate patch, for each i, and ¢,, and ¢y, , are compatible for
each i. O

Remark 6.2.4. There is always such a sequence of points as we may let f: [ — M
be an arbitrary map with f(0) = x and f(y) = 1. Then f(I) is a compact set so is
covered by finitely many coordinate patches, and then xg,...,x; are easy to find.
Thus the condition in the definition is the condition on the local G-orientations. It is
also easy to check that this condition is independent of the choice of intermediate
points xi, ..., Xg_1. O

Definition 6.2.5. The n-manifold M is G-orientable if there exists a compatible
collection of local G-orientations {@,} for all points x € M. In that case a choice of
mutually compatible {@, } is a G-orientation of M.

If there is no compatible collection of local G-orientations on M then M is
G-nonorientable. O

We have so far let G = Z/2Z or Z. But now we see a big difference between
these two cases.

Theorem 6.2.6. Every manifold is 7./27-orientable.

Proof. Following the diagram in Definition 6.1.3 all the way around from G to G
gives an isomorphism from G to G, and @, and @, are compatible if and only if
this isomorphism is the identity. But the only isomorphism @ : Z /27 — 7./27. is the
identity. a

Referring to the proof of this theorem, we see that in case G = Z we have an
isomorphism ¢ : Z — 7Z. But now there are two isomorphisms, the identity (i.e.,
multiplication by 1) and multiplication by —1. So a priori, M might or might not be
orientable.
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Theorem 6.2.7. (1) Let M be the union of components M = My UM, U---. Then
M is Z-orientable if and only if each M; is Z-orientable.

(2) Let M be connected. If M is Z-orientable, then M has exactly two
Z-orientations.

(3) If M has k components and is Z-orientable, then M has 2 Z-orientations.

Proof. The important thing to note is that if ¢, : Z — H,(M,M —x;Z) is a local
Z-orientation, there is exactly one other local Z-orientation at x, namely —@,, where
-0, :Z— Hy,(M,M — x;Z) is the map defined by —(¢,)(n) = —¢,(n), forn € Z.
Thus if we have a compatible system of local Z-orientations {@, } on a connected
manifold M, then there are exactly two compatible systems of local Z-orientative
on M, namely {@,} and {—9_}. O

Having made our point, we now drop the Z and use standard mathematical
language.

Definition 6.2.8. A local orientation on M is a local Z-orientation. M is orientable
(resp. nonorientable) if it is Z-orientable (resp. Z-nonorientable). An orientation of
M 1is a Z-orientation of M. O

Our first objective is to investigate when manifolds are orientable. In view of
Theorem 6.2.7, we may confine our attention to connected manifolds.

Definition 6.2.9. Let M be a connected n-manifold. Let ¢, be a local orientation
of M at x. Lety € M and let f : I — M with f(0) =x and f(1) = y. The transfer
of @, along f to y is the local orientation f,(@,) of M at y obtained as follows:
Let0=1y <t <--- <ty =1 such that, for each i, f([t;,#;+1]) is contained in some
coordinate patch. Let x; = f(#;) for each i, so that, in particular, xo = x and x; = y.
For each i, let ax,-ﬂ be the local orientation of M at x;; compatible with the local
orientation @, of M at x;. Then £,(9,) = ,,. O

The transfer of @, along f to y does not depend on the choice of points {#} but
it certainly may depend on the choice of f. However, we have the following result.

Theorem 6.2.10. Let M be a connected n-manifold. Then a system of local
orientations {@,} is an orientation of M if and only if for every x,y € M and
every path f : 1 — M with f(0) = x and f(1) =y, @, = f,(®,). In particular, M
is orientable if and only if f,(®,) is independent of the choice of f.

Proof. If M is orientable, let {@,} be an orientation, i.e., a compatible system of
local orientations. Then for any path f, f,(9,) = @, 1s independent of the choice
of f.

Conversely, if f,(¢,) is independent of the choice of f, we may obtain a
compatible system of local orientations as follows: Choose a point x € M and a
local orientation @,. Then for a point y € M, choose any path f from x to y and let

ay :fy(ax) o

This result makes it crucial to investigate the dependence of f; (@, ) on the choice
of the path f. We do that now.
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Lemma 6.2.11. (1) Let x andy be two points in M that are both contained in some
coordinate patch Uy. Then for any two paths f and g from x to y with f(I) C U,

and g(I) - UO" f)(ax) = gy(ax)
(2) Let x and y be any two points in M. If f and g are any two paths in M that are

homotopic rel {0,1}, then f,(9,) = g,(9,).

Proof. (1) Since I is compact, f(I) is a compact subset of Uy, and hence @, ' (f(I))
is a compact subset of R”, as is ¢ ' (g(I)). But then we may choose the disc D
in Definition 6.2.3 so large that D includes ¢ ' (f(I)) U@y ' (g(I)).

(2) Let F : 1 x1— M be ahomotopy of f to g rel {0,1}. Then F (I x I) is a compact
subset of M, so is covered by finitely many coordinate patches. It is then easy
to see that there is some k such that if 7 x I is divided into k* subsquares J; ; =
[i/k,(i+1)/k] x [j/k,(j+1)/k], each F(J; ;) is contained in a single coordinate
patch.

But then we have a sequence of paths from f to g, or, more precisely, to the
constant path followed by g followed by the constant path, with each path giving
the same transferred orientation, according to part (1) and the following picture:

a

Lemma 6.2.12. (1) Let f be a path in M from x to y and let g be a path in M from
y to z. Let h = fg be the path from x to z obtained by first following f and then
Jollowing g. Then h.(®,) = .(/; (@)

(2) Let f and g be paths in M from x to y and let g be the path in M from y to x
which is the reverse of g. Let h = fg, a path from x to x. Then f,(9,) = g,(®,.)

if and only if 1($,) = B,.
Before continuing with our general investigation of orientability, we pause to record
the following very important special case.

Theorem 6.2.13. Let M be a connected n-manifold. If M is simply connected, then
M is orientable.
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Proof. By Theorem 6.2.10, we must show that {f,(¢,)} is independent of the
choice of f. By Lemma 6.2.12(2), that will be the case if 4,(®,) = @, for any loop
hy based at x. But by Lemma 6.2.11, h,(@, ) only depends on the homotopy class of
the loop &. If M is simply connected, then 4 is homotopic to the constant path c at x,
and certainly cx(@,) = 9,. O

Now we return to consideration of a general connected n-manifold M. Let x be a
point of M.

As we have observed, the two local orientations at x are ¢, and —¢@,. We now
define the orientation character.

Definition 6.2.14. Let f be a closed path in M based at x. The orientation character
w(f) € Z/2Z = {0, 1} is defined by

£(@) = (-)"Vg,. o
Theorem 6.2.15. A connected manifold M is orientable if and only if its orientation
character w(f) = 0 for every loop f in M.
Proof. In light of Lemma 6.2.12, this is just a restatement of Theorem 6.2.10. O

We now derive several other maps from the orientation character, but we mostly
use the same letter to denote them.

Lemma 6.2.16. Let M be a connected manifold. The orientation character gives a
homomorphism

w:m(M,x) — Z/27

defined by w(ot) = w(f) where f is a loop in M representing o € (M, x).
Proof. By Lemma 6.2.12(2), w depends only on the homotopy class of f, and by

Lemma 6.2.12(1), w is a homomorphism. O

Corollary 6.2.17. Let M be a connected nonorientable manifold. Then M has a
unique 2-fold cover N that is orientable.

Proof. N is the cover of M corresponding to the subgroup Ker(w) C 7 (M, x) of
index 2 as in Theorem 2.2.19. a

Lemma 6.2.18. Let M be a manifold. The orientation character gives a
homomorphism

w:H (M;Z) — Z/27.

Proof. The map w : m(M,x) — Z/27 is a map to an abelian group, so factors
through the abelianization of 7; (M, x). In case M is connected that is just H; (M;Z)
by Theorem 5.2.4. In the general case, just consider each component of M
separately. O
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Theorem 6.2.19. Let M be a manifold. The orientation character gives a
homomorphism

w: Hy(M;Z,/27) — 7.,/27.

Proof. The map w : H|(M;Z) — Z/27Z factors through H,(M;Z)/2H,(M;Z) (i.e.
w(2a) =2w(or) = 0 for any o € H{(M;Z)), and H;(M;Z)/2H; (M;Z) is isomor-
phic to Hy(M;Z) ® Z/2Z. In turn, this group is isomorphic to H;(M;Z/27Z) by the
universal coefficient theorem, Theorem 5.3.9, as Hy(M;Z) = Z is torsion-free. O
Corollary 6.2.20. Let M be a manifold. If H\(M;Z/27) = 0, then M is orientable.

Recall we have the universal coefficient theorem, Theorem 5.5.12. Since
Hy(M;Z) = Z, that theorem gives an isomorphism

e:H'(M;Z/2Z) — Hom (H,(M),Z/27).

Definition 6.2.21. Let w : H{(M;Z) — Z/27 be the orientation character as in
Lemma 6.2.18. Let wi(M) = e ' (w) € H'(M;Z/27). Then wi(M) is the first

Stiefel-Whitney class of M. O
Corollary 6.2.22. Let M be a manifold. Then M is orientable if and only if
w1 (M) =0.

As usual, we do not just want to investigate objects but also maps between them.
Here our objects are manifolds and the relevant maps are homeomorphisms.

Definition 6.2.23. Let M be a manifold and let {@,} be a compatible system of
local G-orientations of M, thus giving a G-orientation of M, for G = Z/27 or Z.
Let f : M — N be a homeomorphism. Then the induced G-orientation on N is the
G-orientation given by the compatible system of local G-orientations {6y} given as

follows: For y € N, let x = f~!(y). Then @, is the map making the diagram

Hy, (M, M—z;G) — n(N,N—y.G)

Hy

commute. O

G
Now we generalize from manifolds to manifolds with boundary. The first step

could not be easier.

Definition 6.2.24. Let M be a manifold with boundary. M is orientable if int (M) is
orientable. In that case, an orientation of M is an orientation of int (M). O

What is considerably more subtle is to see how an orientation of M gives an
orientation of dM. We investigate that now.
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We must see how to obtain local orientations on dM from local orientations
on int(M). The procedure is rather involved. We begin by working in R”, and
we identify R""! with {(x,...,x,-1,0)} C R". We let p = (0,...,0) € R" and
g=(0,...,0,1) eR". We let C={x e R" ! | |x| <1} and B=C x [0,2) C R,
and B=Cx (0,2) CB.

Here is a schematic picture.

s

p

C

The key step is to construct an isomorphism
T:H,(B,B—q) — H,_(C,C—Dp).

First we note that the boundary map in the exact sequence of the pair (B,B — q)
gives an isomorphism H, (B,B—¢q) — H,_ (B —¢q), and similarly the boundary map
in the exact sequence of the pair (C,C — p) gives an isomorphism H,_; (C,C— p) —
H, »(C — p). Now the inclusion (B,B — q) — (B,B — q) is a homotopy equivalence
of pairs so induces an isomorphism on homology.

Now B — g is the union B — g = DUE where

D={(x1,...,x2) €B| (x1,..,%) #(0,...,0,¢) for 0 <t < 1}
and
E={(x1,....,xn) EB|0<x, <1} =Cx[0,1).
Note that
DNE=(C—p)x][0,1)

and the inclusion C — p — DN E is a homotopy equivalence, hence an isomorphism
on homology.

We now consider the Mayer-Vietoris sequence for B— ¢ = DU E and observe
that we have an isomorphism

0: anl(E—q) — Hn,Q(DﬂE).
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Composing all these isomorphisms or their inverses as indicated below we obtain
the isomorphism 7:

Hn(BvB - Q) I Hn—l(B - q) - Hn—l(B - Q)

:

Hy1(C,C —p)=——Hy »(C—p)=—— Hp2(DNE)

Given this construction we make the following definition.

Definition 6.2.25. Let {®,} be an orientation of int(M), i.e., a compatible system
of local orientations. The induced orientation of dM is the compatible system of
local orientations {@, } obtained as follows: @, is the composition of isomorphisms
and their inverses

Py (Pa)«
Z—"> Hn(M,M —y)<~—— Hy(pa(B),9a(B)—y) ~— H,(B,B _Q)

(Pa)« \L

Hn—l(aALa]\/I - LE) = Hn—l(@a(c)74pa(c) - T) = Hn—1(070 _p)

Here @ : R". — Uy C M is a coordinate patch with @ (p) = x and @ (q) = y.
The maps labelled (¢ )+ are both restrictions of @ to the respective domains, and
the unlabelled maps are excision isomorphisms. O

Theorem 6.2.26. Let M be an oriented manifold with boundary. Then oM has a
well-defined induced orientation given by the construction in Definition 6.2.25.
In particular, OM is orientable.

Proof. This is simply a matter of checking that the local orientations {@,} are
indeed compatible, and that they are independent of the choice of coordinate patches
(Ug, @) used in the construction. O

Remark 6.2.27. If M is not orientable, then dM may or may not be orientable
(i.e., both possibilities may arise). O

In practice, we often also want to consider (co)homology with coefficients in a
field. In this regard we have the following result.

Lemma 6.2.28. Let G =T be a field of characteristic 0 or odd characteristic. Then
a manifold M is G-orientable if and only if it is orientable. If G = I is a field of
characteristic 2, then every manifold M is G-orientable.

Proof. We do the more interesting case of a field F of characteristic # 2. Consider
the diagram in Definition 6.2.3.

If we let V = @(D) and replace G in that diagram by H,(M,M — V;G) and
the two vertical maps by the isomorphisms induced by inclusions, we obtain a
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commutative diagram. This is true whether we use I coefficients or Z coefficients.
But we also have the commutative diagram with the horizontal maps induced by the
map Z — T of coefficients

H,(M,M — 2;7) — H,(M,M — z;F)

T

Hy(M,M —V;Z) — H,(M,M — V;F)

L)

Ho(M,M —y:Z) — H, (M,M — y;F)

Now if M is Z-orientable it has a compatible collection of local Z-orientations
{®,} and then {@, ® 1} is a compatible collection of local F-orientations.

On the other hand, suppose we have a compatible collection {¥,} of local F-
orientations. Fix a point x € M. Then Y, (1) € H,(M,M — x;F) is a generator, i.c.,
a nonzero element. This element may not be in the image of H,(M,M — x;Z). But
there is a nonzero element f of IF (in fact, exactly two such) such that 7, (1) is the
image in H,(M,M — x;F) of a generator of H,(M,M — x;7Z). By the commutativity
of the above diagram that implies the same is true for fy, (1) for every y € M.
Hence {fV,} is a compatible system of local Z-orientations of M, where x varies
over M. ad

The proof of this lemma also shows how to obtain [F-orientations.

Definition 6.2.29. Let M be orientable and let F be an arbitrary field. An
F-orientation of M is a compatible system of local F-orientations of the form
{9, ® 1} where {9, } is a compatible system of local Z-orientations of M.

Let M be arbitrary and let I be a field of characteristic 2. An F-orientation of M
is a compatible system of local F-orientations of the form {@, ® 1} where {@,} isa
compatible system of local Z/2Z-orientations of M.

(In the characteristic 2 case compatibility is automatic.)

It is easy to check that the two parts of this definition agree when M is orientable
and [ has characteristic 2.

Orientability has very important homological implications, given by the follow-
ing theorem. We state this theorem for manifolds with boundary, which includes
the case of manifolds by taking dM = 0. The hypothesis that M be connected is
not essentially restrictive, as otherwise we could consider each component of M
separately.

Theorem 6.2.30. Let M be a compact connected n-manifold with boundary. Let
G=1Z/2Z orZ.

If M is G-oriented, suppose that {Q.} is a compatible system of local
G-orientations giving the G-orientation of M. In this case, there is a unique
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homology class [M,0M] € H,(M,0M;G) with i.([M,dM]) = ¢.(1) € H,(M,M —
x;G) for every x € M, where i : (M,dM) — (M,M —x) is the inclusion of pairs.
Furthermore, [M,0M)| is a generator of H,(M,0M;G).

If M is not G-orientable, then H,(M,dM;G) = 0.

Since this theorem is so important, we will explicitly state one of its immediate
consequences.

Corollary 6.2.31. Let M be a compact connected n-manifold with boundary.

(1) For any such M, H,(M,0M;Z/27) 2 7./27 and H"(M,0M;7/27) = 7./ 2.
(2) If M is orientable, then Hy,(M,0M;Z) = 7 and H"(M,0M;Z) = Z. If M is not
orientable, then H,(M,0M;Z) = 0 and H"(M,dM;Z) = 0.

Proof. The statements on homology are a direct consequence of Theorems 6.2.6
and 6.2.30.

The statements for cohomology then follow from the universal coefficient
theorem and Theorem 6.1.12. a

Example 6.2.32. We computed the homology of RP" in Theorem 4.3.4. Combining
that result with Corollary 6.2.31, we see that RP" is orientable for n odd and
nonorientable for n even. O

Definition 6.2.33. Let M be a compact connected G-oriented n-manifold,
G =17/2Z or Z. The homology class [M,dM] € H,(M,dM;G) as in Theorem 6.2.30
is called the fundamental homology class (or simply fundamental class) of
(M,0M). Its dual {M,dM} in H"(M,0M;G), i.e., the cohomology class with
e({M,0M},[M,0M)) = 1, is the fundamental cohomology class of (M,0M).

If M is oriented and G is any coefficient group, the image of [M,dM] in
H,(M,0M;G) under the coefficient map Z — G is also called a fundamental
homology class, and similarly the image of {M,dM} on H"(M,dM;G) under the
same coefficient map is also called a fundamental cohomology class. %

Remark 6.2.34. We need to be careful in Definition 6.2.33 when we referred to the
dual of a homology class. In general, if V is a free abelian group (or a vector space)
if does not make sense to speak of the dual of an element v of V. But it does make
sense here. Suppose that M is connected. Then H,(M;G) is free of rank 1 (in case
M is orientable and G = Z) or is a 1-dimensional vector space over Z/2Z (for M
arbitrary and G = Z/2Z) and we have the pairing e : H"(M;G) ® H,(M;G) — G.
In this situation, given a generator v of H,(M;G), there is a unique element (also
a generator) v* in H"(M;G) with e(v*,v) = 1, and v* is what we mean by the dual
of v.

In general, if M is the disjoint union of k components, M = M U--- UM, then
[M] is the sum [M;]+---+ [My] € H,(M;G), and we take {M} to be the sum {M, }
+---+{M} € H'(M;G). O

Recall we showed in Theorem 6.2.26 that if M is an orientable n-manifold with
boundary dM, then dM is also orientable, and furthermore we showed how to obtain
an orientation for dM from that on M. That fits in with the homological description
as follows.
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Corollary 6.2.35. Let M be a G-oriented n-manifold with boundary, G = 7./27
or Z, given by a compatible system of local orientations on M, and let [M,0M] €
H,(M,0M;G) be the fundamental class of M with this orientation. Let M have
the induced orientation as in Definition 6.2.25, and let [0M] € H,_1(dM;G) be the
fundamental class of dM with this orientation. Then

[OM] = d([M,oM])
where d : H,(M,dM;G) — H,_1(dM;G) is the boundary map in the exact sequence
of the pair (M,0M).
We record the following observation for future use.

Corollary 6.2.36. Let M be a G-oriented n-manifold with boundary with funda-
mental class [M,0M), and let M have the induced G-orientation with fundamental
class [OM]. If i : M — M is the inclusion, then i, ([0M]) =0 € H,_(M;G).

Proof. We have the exact sequence of the pair (M,dM):

Ho(M,OM;G) 25 H,_{(OM;G) ~ H,_ (M;G).

But [0M] = d([M,dM]), so by exactness i, ([0M]) = 0. O

6.3 Examples of Orientability and Nonorientability

In this section we look at a family of manifolds, and by directly working with local
orientations and coordinate patches determine when they are orientable.

Remark 6.3.1. We have properly defined an orientation of M as a compatible system
of local orientations {@,}, where 9, : Z — H,(M,M — x;Z) is an isomorphism.
This gives a choice of generator 9 (1) € H,(M,M — x;Z). It is common to think
of an orientation of M as a consistent choice of generators of H,(M,M — x;Z)
for every x € M, where a consistent choice of generators means that {@, } are all
compatible. O

We now give several examples of orientable and nonorientable manifolds (and
we will be using the approach of this remark in our investigation).

Example 6.3.2. (1) We shall show that S! is orientable. We take a rather strange
looking description and parameterization of S', but we do so to use this
as a “warm-up” for the next part of this example, where the corresponding
parameterization will simplify matters. We let

Io =(—2,6) and Ig=(-6,2)
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with I, parameterized by s and Ig parameterized by #, and we let M ! be the
identification space

where the identification ~ is given by
s€lg~s€Elg if —2<s<?2

s€lg~s—8€lg if2<s<e6.

Then M' is homeomorphic to S'. A homeomorphism is given by s
exp(mis/4). (Note this map is well-defined on M'.)

We let @, : I — M" and @g : Ig — M" be the inclusions and let Uy, = @y (Io.),
Up = ¢p(Ig). Then {(Uq, 9o), (U, @)} is an atlas on M.

Let f(r) = @o(r), 0 < r <4.Then f(r) is a path from x = £(0) toy = f(1)
lying entirely in Uy Let g(r) = @g(r —8), 4 < r < 8. Then g(r) is a path from
g(4) to g(8) lying entirely in Ug. But g(4) = f(1) and g(8) = f(0), so

is a path in M! from x to x. It is easy to check that under the above
homeomorphism, this becomes a loop in §' from 1 to 1 winding once around
S! counterclockwise. In particular this loop represents a generator of 7r; (M',x),
so to show that M! is orientable we need only show that /i, (¢0,) =9, where @,
is a local orientation of M at x.

We need to establish a bit of notation. Recall that for a space consisting
of the point z we have the generator 1, of Hy(z) as in Definition 5.1.21. That
notation would be too confusing in the current context, so instead we denote
this homology class by (z).

Recall that if 7 is an open interval and i is any point of I/, we have the
isomorphism 0 : Hy(I,1 —i) — Hy(I — i) of the exact sequence of the pair
(I,I-1i).

We have the generator 0! ((1) — (—1)) of H; (I, — {0}) and we give M'
the local orientation at x determined by

0:(1) = (9a)< (07 ({1) = {~1))) € Hi (M, M —x).

Now the points x and y both lie in the same coordinate path U, for both y = o
and y=B. Let p = @, ' (x) and ¢ = @, ' (y). Then we have the diagram from
Definition 6.2.25 (where we omit the intermediate groups)
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()
Hy(M' M~ 2) < H(1, 1, —

( B
(MM —y) <2 (1,1 )
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Since the path f lies entirely in Uy, we use this diagram with y = o to

compute f,(@,).

(@a)) "' (@4(1)) =

|
—_
19
|
SS)
~
~—
m

giving the local orientation @, at y specified by

(1) = (=1)) € Hi(lo; [ —
9 ((5) = (1)) € i (lo; I —

=97 1((5) — (1)) € Hi(lor,Joe -
9 ((5) = {=1)) € Hi (Lo, o —
9 ({5) =«

Hl(lomloc_

{o})
{o})
[0,4])
{4})

{4})

9,(1) = (o) (27" ((5) = (3))) € Hy(M' . M" —y).

Similarly, the path g lies entirely in Ug, so we use the diagram with y = B to

compute g, (ay). The key to this computation is starting it off correctly.

((@p):) " (@,(1)) = (9p)2) " (Po) (97" ((5) = (3)))

= (95~ @a) (971 ((5) = (3))).

Referring to our original identifications, we see that

5€Iaw—361ﬁ, 3€Ia~—561ﬁ

and so
((@p)) " (@,(1)) = 97 ((=3) = (=5)) € Hi(Ig,Ig — {~4})
=07 '((1) = (=5)) € Hi(Ig. I — {~4})
=97 '((1) = (=5)) € Hi(Ig,Ip — [~4,0])
=07 '({1) — (~5)) € Hi (5,15 —{0})
=9 '((1) = (1)) € Hi(Ip,15 — {0})
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giving the local orientation @', at x specified by
@.(1) = (9p): (07 ((1) = (~1))) € Hi (M, M" —x).

Now M! is orientable if and only if this new local orientation @ at x is
the same as the original local orientation. But, again referring to our original
identifications, we see that 1 € Iy ~ 1 € Ig and —1 € Iy ~ —1 € Ig so this is
indeed the case.

We now do a more elaborate, and much more interesting, computation along
the same lines. Let m be a non negative integer and let n = m+ 1. Let

Vo =(-2,6) x (=4,4)" and Vg =(-6,2)x (—4,4)"

(where again these numbers are just chosen for convenience) and let M" be the
identification space

M'=V,U Vs /~
where the identification is as follows:

(s,8) €V~ (s,1) €Vp if —2<5<2
(s,t) Vo~ (s—8,—1)eVg if2<s<6.

Here t = (11,...,tu) is an m-tuple of real numbers and —¢ = (—t1,...,—fp).
In case m = 0, we just recover S! asin part (1). In case m = 1, M" is a M&bius
strip (or, to be precise, an “open” Mobius strip, as its boundary is missing). In
general, M" is an n-manifold.

We shall show that M" is orientable if m is even (i.e., if n is odd) and that M"
is nonorientable if m is odd (i.e., if n is even). In particular, the Mobius strip is
nonorientable.

We let ¢y : Voo = M" and op: Vg — M"™ be the inclusions, and let Uy =
®a (V) and Ug = @g(Vg). Thus {(Uq, @), (Ug, @g) } is an atlas for M".

We begin by observing that M" has {(z,0)} as a strong deformation retract,
and {(¢,0)} is just S' (up to homeomorphism). Thus, as in part (1), to check
whether M" is orientable we just have to consider what happens on a single
loop that generates the fundamental group of M".

We let x = ¢4 (0,0) = ¢5(0,0) and y = ¢y (4,0) = @g(—4,0). We let f(r) =
0a(r,0),0<r<4andg(r)= @p(r—8,0),4 < r <8 so that

is a loop in M" that represents a generator of 7 (M", x).
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Again we observe that if V = Vy, or Vg and v is any point of V, we have the
isomorphism o : H,(V,V —v) — H,_1(V —v) of the exact sequence of the pair
(V,V —v).

Let i: §" ! — Vo —(0,0) by i(s,t1,...,tm) = (s,t1,...,t) and choose a
generator go of H, 1(S"!) so that i.(gg) = g is a generator of H,_1(Vy —
(0,0)).

Observe that i is homotopic to j : S"~1 — Vi — (0,0) by j(s,t1,...,tn) =
(3(s+2),t1,...,tm), so that g» = j.(g0) = g1 € Hy—1 (Vo — (0,0)), and that
j(8"~1) C Vg — D where D is the disk of radius 2 around (2,0), so that (0,0)
and (4,0) are both contained in D. The inclusion V — D — V — (0,0) induces
an isomorphism on homology and we identify H,_;(V — (0,0)) and H,,_;(V —
D) by this isomorphism, and similarly for H,_{(V — (4,0)) and H,_(V —
D). In turn j is homotopic to k : S"~1 — Vi, — (4,0) by k(s,t1,...,tm) =
(S+4,l1, .. ,l‘m) so that g3 = k*(g()) =g € anl(V — (4,0)).

With these observations out of the way, we get down to work. The argument
here parallels that in part (1). We begin by giving M" the local orientation at x
determined by

0.(1) = (9a): (07" (1)) € Ho(M", M" —x).

Since the path f lies entirely in Uy, we may use the analogous method to
compute f,(@, ), translating everything to V.. We then get

((Pe)) ™ (@,(1)) = 97" (81) € Hu(Var, Vi = (0,0))
97 (g2) € Ha(VasVa— (0,0))
=0"'(82) € Ho(Ver, V= D)
9" (82) € Hy(Vor, Vo — (4,0))
97'(83) € Hu(Va, Vo — (4,0))
giving the local orientation @, at y specified by

9,(1) = (9a): (07" (83)) € Ha(M", M" —y).

Now we translate everything to Vg to compute g, (ay). Again it is crucial to
start correctly. We have g3 = k.(go), so

((9p)) " (@,(1) = (9): " (9o)« (™ (ke (g0)))
=9 (95 " 9uk)- (s0).
Now on the one hand, we have k: §"~! — V,, by

k(s,t) = (s+4,1)
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and on the other hand, we may consider / : §"~! — Vg by
I(s,0) = (s—4,1).

But, referring to our original identifications, we see that (s+4,¢) ~ (s —4,—t),
i.e., that @k = @gl. Hence we see that

05 ' ok =1.

Now we follow the same argument to conclude that we obtain a new
local orientation of M" at x given by @\ (1) = 2,(9,(1)) = (0p)«(d7"(g}))
where g = m.(go) with m(s,t) = (s,—t). But in a neighborhood of (0,0),
the identification is (s,0) ~ (s,0), i.e., g = Qo there. Thus @} (1) = £¢,(1)
according as g} = m.(go) = £g1 = £i.(go)-

To determine the sign, we observe that m is the composition m = ia where
a:S" ' — 5" by a(s,t) = (s,—t). We recognize @ as the suspension of the
antipodal map a : "' — §"~!, except that we are using the first coordinate as
the suspension coordinate rather than the last one, so the degree of @ is equal to
the degree of a, which is (—1)™ by Lemma 4.1.10.

(3) There is a homeomorphism & : M" — N" C RP" of M" onto an open subset
of RP" for each n, which includes an isomorphism h. : Hy(M";Z/2Z) —
H,(RP";Z/27) and so we may compute the orientation character of RP" by
considering M". Thus we conclude from part (2) that RP" is orientable for n
odd and nonorientable for n even. O

Remark 6.3.3. Our conclusion in Example 6.3.2(3) of course agrees with our
conclusion in Example 6.2.32. O

6.4 Poincaré and Lefschetz Duality and Applications

In this section we give the basic duality theorems: Poincaré duality for compact
G-oriented manifolds and Lefschetz duality for compact G-oriented manifolds with
boundary. We then do some examples and give some important applications of these
important theorems. Throughout, we let G = Z or a field IF.

First we deal with the case of compact manifolds. Let M be a compact G-oriented
n-manifold. Recall we defined the fundamental homology class [M] € H,(M;G) in
Definition 6.2.33.

Theorem 6.4.1 (Poincaré duality). Let M be a compact G-oriented n-manifold,
and let [M] € H,(M;G) be its fundamental homology class. Then the map

N[M] : H (M;G) — H,_;(M;G)

is an isomorphism for every j =0,...,n.
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Now we deal with compact manifolds with boundary. Again for a compact
G-oriented n-manifold M with boundary we have the fundamental homology
class [M,0M] € H,(M,dM;G), and in this situation d([M,dM]) = [OM] is the
fundamental homology class of dM with the induced G-orientation.

Theorem 6.4.2 (Lefschetz duality). Let M be a compact G-oriented n-manifold
with boundary. In the diagram

o —> H'"Y(M;G) ——= HI"Y(OM:G) —> HI(M,0M ;G) —— HI(M;G) ——> .-

n Ad,@}w]l Q[HM]\L r[M,aM]l r‘[Al,Slw]l

- —> H,_; (MM ;G) — H,_;(0M;G) —> H,,_;(M;G) —> H,_;(M,0M ;G) —> -+

the left-hand square commutes up to a factor of (—1)7=1, the middle and right-hand
squares commute, and the vertical maps are all isomorphisms.
In particular, the maps

N[M,oM)] : H (M,0M;G) — H,_j(M;G)
and
N[M,oM) : H (M;G) — H,_;j(M,0M;G)

are isomorphisms for every j =0,...,n.

We now give several examples of how to use Poincaré duality to compute the
structure of cohomology rings. In these examples, we will be using the properties of
cup and cap products given in Theorem 5.6.13, and the notation in that theorem.

Example 6.4.3. (1) Let G = Z. Choose an orientation of S”, and let S” have
fundamental homology class [S”] and fundamental cohomology class {S”}.
Also choose an orientation of S and let S7 have fundamental homology class
[S7] and fundamental cohomology class {S7}.

Let M = S? x §7 with p,q > 1, so that M is connected. For simplicity,
we consider the case p # ¢. (The argument for p = ¢ is similar but a bit
more complicated.) Then H,(M) is generated by a@ = (i) ([S?]) and Hy(M)
is generated by b = (io) * ([S7]) where i} : S — M and iy : S — M are the
inclusions S” — S x {x} C M and S7 — {x} x §7 C M. Also, H?(M) is
generated by & = 7} ({S”}) and H9(M) is generated by f = m;({S%}) where
7 M — SP and m, : M — S7 are projections onto the first and second factors
respectively.

By Poincaré duality, N[M] : HY(M) — H,(M) is an isomorphism. Hence f3 N
[M] = +a, and we choose the orientation on M so that the sign is positive. Then

1 =e(a,a) = e(a,f N [M]) = e(a U, [M]) = e({M},[M])
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and hence 7 = & U8 = {M} is a generator of H”+9(M). We thus recover the
computation of Example 5.7.1.

(2) We take G = Z/27Z. Let o € H'(RP") be a generator. We claim that
of € HX(RP") is a generator for each k. We prove this by induction on n.
The case n = 1 is trivial. Assume this is true for n and consider RP"*!. The
inclusion RP" — RP"*! induces isomorphism on (co)homology in dimensions
at most n. By Poincaré duality,

NRP" - H'(RP"!) — H,(RP")
is an isomorphism, and so
aN[RP"!] = [RP"] € H,(RP").

By the induction hypothesis, o = {RP"} € H"(RP"H1).
But then

1 = e({RP"},[RP")) = e(a", N [RP"'])
_ e(oc”“, [RP”+1]) _ e({RP’hLl}, [RPn+1])

so ol = {RP""1}. Thus o"*! is a generator of H"*!(RP"1), and so o is
a generator of H¥(RP"!) for each 0 < k < n+1 (as if for some j, o/ were
not a generator of H/(RP**!), a"*! = ot/ U "1~/ could not be a generator of
H" 1 (RP"1)). Thus we recover the calculation of Lemma 5.7.4(1).

(3) We take G = Z. By a completely analogous argument, we recover the calcula-
tion of Lemma 5.7.4(2) for H*(CP"). O

Example 6.4.4. Example 6.4.3(3) allows us to define a family of orientations on
complex projective spaces.

We refer to the orientations obtained in this way as the standard orientations, and
the ones with the opposite sign for [CP"] as the nonstandard orientations.

We begin with n = 1. We have the standard generator oy € H;(S') of
Remark 4.1.10.

To define an orientation of CP! it suffices to give a local orientation @, ata
single point z9, and we choose zp to be the point with homogeneous coordinates
[0,1]. We specify @, by letting @0(1) be the image of o] under the sequence of
isomorphisms

H,(S') — H{(C—{0}) — Hy(C,C — {0}) — Ho(CP",CP' — {[0,1]}).

Here the first isomorphism is induced by inclusion, the second is the inverse of the
boundary map in the exact sequence of the pair (C,C —{0}), and the third is induced
by the map z — [z, 1].

Given this orientation we have a fundamental class [CP!] € H,(CP'), and we
let o« = {CP'} be the fundamental cohomology class. Then for n > 1, we choose
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the orientation which has {CP"} = o as fundamental cohomology class, i.e.,
the orientation with fundamental class [CP'] specified by e(o”, [CP"]) = 1.

We then write CP" for CP" the oriented manifold with the standard orientation
and CP" for CP" the oriented manifold with the nonstandard orientation.

(The standard orientations may be obtained directly by specifying local orien-
tations in a completely analogous manner, beginning with the standard generator
02,1 (52"~ 1), but for our purposes the homological description is much more to the

point.) O

Theorem 6.4.5. Let M be a compact n-dimensional manifold with n odd. Then the
Euler characteristic (M) = 0.

Proof. We may use any coefficients to compute the Euler characteristic, so we
choose Z/27Z. This means that M is orientable with these coefficients. Also, they
form a field, so for any j, H;j(M;Z/27Z) and H/(M;Z/27Z) are dual vector spaces
and hence have the same dimension. Let n = 2m + 1. We compute

n

2(M) = Y (1)) dim H; (M: Z/22)

j=0
m . 2m+1
=Y (-1)/dimH;(M;Z/2Z) + Y, (—1)"dimH (M;Z/2Z).
j=0 k=m+1
But by Poincaré duality
2m+1 2m+1
Y (—DfdimH(M;Z/22) = Y, (—1)FdimE*" R (M52./227)
k=m+1 k=m+1
2m+1
= Y (=1)*dimHyy 4 (M:Z/22)
k=m+1

where j =2m—+1—k(and so k =2m+1 — j).
Thus
m

x(M) =Y ((=1)) + (=1)*" ")) dimH;(M; Z/27Z).
j=0

But (—1)/ and (—1)?"+1=J always have opposite signs, so this sum is identically
ZEro. O
Now we have an interesting application of Lefschetz duality.

Theorem 6.4.6. Let M be a compact n-manifold with odd Euler characteristic.
Then M is not the boundary of a compact (n+ 1)-manifold.
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Proof. Suppose that M is the boundary of the compact (n+ 1)-manifold X. Consider
the exact sequence of the pair (X,M):

0 — Hy1(X;Z2/27) — Hy 1 (X,M;Z,/27) — Hy(M;Z./27) —
<o — Hy(M;Z/27) — Hy(X;Z/27) — Ho(X,M;Z/27) — 0.

Then the alternating sum of the dimensions of the homology groups in this
sequence is zero, and hence the sum of the dimensions is even. Thus

n n+1
N dimHy(M;Z/27Z) + Y, dim Hy(X; Z/27Z)
k=0 k=0
n+1
+ Y dimHy(X,M;Z/2Z) = 0 (mod 2).
k=0

But, on the other hand,
n n
x(M) = (—1)"dimH(M; Z/2Z) = Y dim H(M;Z/2Z) (mod 2),
k=0 k=0

and on the other hand, by Lefschetz duality,

n+1 n+1
N dimHy(X;Z/2Z) = Y dimHy(X,M;Z/27)
k=0 k=0

since for every value of k,
dimHy(X;Z/27) = dimH""' KX, M;7./27) = dimH,, | (X, M;Z/27Z).

Thus y (M) is even, a contradiction. O

Now we turn our attention to orientable manifolds. We will be considering an
important invariant, the intersection form. In order to most conveniently do that we
introduce some (nonstandard) notation.

Definition 6.4.7. Let M be a compact connected manifold of dimension 2n. Then
K"(M;Z) = H" (M3 Z) H" (M; Z) o,
i.e., the quotient of H"(M;Z) by its torsion subgroup, and
K"(M;F) = H"(M;F)

if F is a field. O
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Theorem 6.4.8. Let M be a G-oriented compact connected manifold of even
dimension 2n, with fundamental class [M] € Hy,(M;G), where G =Z or a field F.
Then

(,):K"(M;G)®K"(M;G) — G
given by
(u,v) = e(uUv,[M])

is a nonsingular bilinear form. It is symmetric if n is even, ie., if dim(M) =
0 (mod 4), and is skew-symmetric if n is odd, i.e., if dim(M) = 2 (mod 4).

Proof. First observe that this form is symmetric for n even and skew-symmetric for

n odd as we have uUv = (—1)”2(vU u).
Suppose that G = F is a field. By Poincaré duality,

NM] : H*(M;F) — H,(M;F)

is an isomorphism.
By the universal coefficient theorem, Theorem 5.5.19,

e:H,(M;F) — Hom (H"(M;F),F).
is an isomorphism. Hence the composition
e(N[M]) : H"(M;F) — Hom (H"(M;F),F).
is an isomorphism. But this composition is given by, using Theorem 5.6.13(7),
e(NM])(v)(u) = e(u,vN [M]) = e(uUv, [M]).

In the language of Definition B.1.3, this shows that the map  for this form is an
isomorphism, and then by Remark B.1.6 we have that the form is nonsingular.

Now consider the case G = Z. First note that this bilinear form is well-defined
on K"(M;Z) @ K"(M;Z), as if u is a torsion class, with ru = 0, say, and v is any
class, then 0 = 0Uv = (ru) Uv = r(uUv) so uUv = 0 as H*"(M;Z) is a free abelian
group, and similarly for vUu.

Write H"(M;Z) as F & T when F is a free abelian group and T is the torsion
subgroup. (F is in general not unique, but simply make a choice). Then under the
projection H"(M;Z) — K"(M;Z), F is mapped isomorphically onto K", and indeed
this projection is an isometry between the restriction of (, ) to F® F and ( , ) on
K'"(M;Z) @ K"(M;Z).
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Now by Poincaré duality
NM] : H'(M;Z) — H,(M;Z)

is an isomorphism, so if F’ is the image of F under this isomorphism, we have
H,(M;Z) = F'®T' where T is its torsion subgroup.
By the universal coefficient theorem, Theorem 5.5.19,

e:H,(M;Z) — Hom (H"(M;Z),Z)
is an isomorphism, i.e.,
e:F'oT — Hom(F & T,Z)

is an isomorphism. But Hom (7,Z) = 0, and Hom (F,Z) is free, so the only map
T’ — Hom (F,Z) is the 0 map. Thus

e: F' — Hom(F,Z)

is an epimorphism. But this is a map between free abelian groups of the same rank,
so it must be an isomorphism. Then we complete the argument exactly as in the field
case. O

Definition 6.4.9. The abelian form ( , ) of Theorem 6.4.8 is the intersection form
of M. O

Definition 6.4.10. Let M be a compact connected oriented manifold of dimension
2n for n even. The signature (or index) 6(M) is the signature of the intersection
form of M on H?"(M;R) ® H*'(M;R) as defined in Definition B.2.6. O

Theorem 6.4.8 is true for arbitrary compact connected manifolds with Z/2Z
coefficients, but is not very useful. However, in the oriented case, it is extremely
useful, as we now see.

Corollary 6.4.11. Let M be a compact connected oriented manifold of dimension
2n, n odd. Then for G = 7Z or any field F of characteristic not equal to 2,
rank (K" (M; G)) is even. Also, the Euler characteristic (M) is even.

Proof. By Theorem 6.4.8, ( , ) is a nonsingular skew-symmetric bilinear form on
K"(M;G), so by Theorem B.2.1, K"(M;G) must have even rank.

We may use any field to compute Euler characteristic. Choosing IF = Q, say, and
using Poincaré duality, a short calculation shows

2n

x(M) =Y (-1 dimH, (M; Q)

k=0

n—1
-2 (2 (—l)kdimHk(M;Q)> —dimH, (M;Q)

k=0

which is even. O
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Definition 6.4.12. (1) Two compact connected oriented n-manifolds M and N with
fundamental classes [M] and [N] are of the same oriented homotopy type (resp.
same oriented homeomorphism type) if there is a homotopy equivalence (resp.
a homeomorphism) f : M — N with f.([M]) = [N].

(2) If M is a compact connected orientable manifold then a homotopy equivalence
(or a homeomorphism) f : M — M is orientation preserving (resp. orientation
reversing) if fi : H,(M;Z) — H,(M;Z) is multiplication by 1 (resp. by —1).
O

Corollary 6.4.13. Let M be a compact connected oriented n-manifold. The isomor-
phism class of the intersection form on M is an invariant of the oriented homotopy

type of M.

The finest information comes from considering the intersection form over Z, but
that may lead to difficult algebraic questions. However, the information provided by
the intersection form over R is still enough to obtain interesting results.

Corollary 6.4.14. Let M be a compact connected oriented manifold of dimension
2n with n even. If the signature 6(M) # 0, then there is no orientation-reversing
homotopy equivalence (and hence no orientation-reversing homeomorphism) f :
M — M.

Theorem 6.4.15. Let M be a compact connected oriented manifold of dimension 2n
with n even. If the signature 6(M) # 0, then M is not the boundary of an oriented
(2n+ 1)-manifold.

Proof. Suppose that M is the boundary of X2**! Let V = H"(M**;R), and let
V have dimension . We will use Lefschetz duality to find a subspace Vj of V of
dimension /2 with the restriction of the intersection form on M to Vj identically 0.
By Lemma B.2.8, this shows that 6(M) = 0. (This also shows that if ¢ is odd, M
is not the boundary of an oriented (2n + 1)-manifold, but this is implied by our
hypothesis, as if ¢ is odd, o (M) must be nonzero.)

Consider the diagram (we omit the coefficients R)

i

H™(X) — "~ g™ (M) —2 = H" (X, M)

|

o Ty
Hn+1(X7A/[) —_— Hn(A[) —— Hn(X)

which is commutative up to sign and where the vertical maps are isomorphisms.
Then

dimH"(M) = dimH, (M) = dimKer (i) + dimIm (i,)
= dimKer (8) + dimIm (i,)

= dimIm (i*) + dimIm (i,).
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But we have the commutative diagram of Theorem 5.5.12

H"(X) ——> Hom(H,(X),R)
i Hom(i,,1)

H™(M)—— Hom(H,(M),R)

with the horizontal maps isomorphisms, and this implies that
dimIm (i*) = dimIm (i,).

Thus we conclude that Vp = Im (i*) is a subspace of V = H"(M) with dimV, =
(1/2)dimV. Now we must investigate the cup product on Vj.

Recall that i, ([M]) = 0 € H,,(X) by Corollary 6.2.36.

Now let a, B € Vj so that oo = i*(y) and B = i*(0) for 7,6 € H"(X). Then

(o, B) = (U B, [M]) = (i* (v) Ui*(8),[M])
= (i"(yU6),[M]) = (yu,i.([M]))
= (yU5,0) =0

completing the proof. a

In order to give examples for these two theorems we consider the connected sum
construction of oriented manifolds, a construction that is important in its own right.
The basic idea is very simple, but we will have to exercise some care to ensure that
the orientation comes out right.

Definition 6.4.16. Let M and N both be compact connected oriented n-manifolds,

n > 0, with fundamental classes [M] and [N] respectively. Let @y, : R" — Uy be a

coordinate patch on M and yj : R" — Vg be a coordinate patch on N. Let D" be the

open unit ball in R” and let $”~! be the unit sphere in R”. Let M’ = M — @y (D) and

observe that M’ is a manifold with boundary dM = ¢(S"~!) homeomorphic to §"!.
We have isomorphisms on homology

H,(M) — H,(M, 9o, (D")) — H,(M',0M")

where the first isomorphism comes from the inclusion of pairs (M,0) —
(M, g (D")) and the second is the inverse of excision. (Note we can apply excision
here by Theorem 3.2.7.) Let [M’,dM'] be the fundamental class of the manifold
with boundary M’ which is the image of the fundamental class [M] of M under this
isomorphism, and let [M'] = d([M’,dM']) € H,_1(dM’). Define N, [N',dN'], and
[ON'] similarly.

LetC=8""!x[-1,1].Leti;: " ! = §" ' x {j} C Cfor j=—1,0 or 1. Choose
a fundamental class [S"~'] € H,_(S"~") and let [Sg '] = (i0)«([S"""]) € Hy—1(C)
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and [S’}*l] = (i;)«([S"1]) € H,—1(S"~! x {j}) for j = —1 or 1. Observe that under
the inclusions §"~! x {j} — C, the image of [S;f’I] is [S27!], j = —1,1. Choose the
fundamental class [C,dC] € H,(C,dC) so that [9C] = J([C,dC]) = [S" '] - [s"7'] €
H,_1(dC).

Now let f 1 : 8"~! x {—1} — M’ be a homeomorphism with (f_1).([S"}']) =
[OM'] € H, (M) and let f; : S* ! x {1} — N’ be a homeomorphism with
(f1)«([S77"]) = —[ON'] € H,_1(IN'). The connected sum M#N is the identification
space

M#N =M UN' UC/ ~

under the identification (s, —1) ~ f_{(s) and (s,1) ~ f; (s) for s € §"~ 1.

M#N is clearly a manifold and we give it the orientation with fundamental
class [M#N] as described in Theorem 6.4.17 below, making it into an oriented
manifold. O

There are many choices that went into the construction of M#N, but in fact M#N
is well-defined up to oriented homeomorphism type.

We summarize the (co)homological properties of the connected sum in the
following theorem.

Theorem 6.4.17. Let M and N be compact connected oriented n-manifolds, n > 0,
with fundamental classes [M| and [N] respectively. Then

H,(M#N) = H"(M#N) = 7.

} for1 <j<n-—1

There is a fundamental class [M#N)] € H,(M#N) with image [M',0M'] under the
isomorphism

H,(M#N) — H,(M#N ,M#N —M') — H,(M',oM")
and with image [N',dN'| under the isomorphism
H,(M#N) — H,(M#N,M#N —N') — H,(N',oN’).
Under the isomorphisms above, the cup product structure on M#N is as follows:

Let (a,y) € H (M) ® H’(N)
and (B,8) € H*(M) @ H*(N).
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For j,k>0and j+k <n,
(0, 7)U(B,8) = (U B,yUS) € HI™ (M) HIT*(N).
For j.k>0and j+k=n,
e((a,7)U(B,8), [M#N]) = e(aU B, [M]) +e(yU 8, [N]),
i.e., if aUB = x{M} and yU S = y{N}, then
(a,7)U(B,6) = (x+y){M#N}.

In particular, if { , ) is the intersection form on M, { , )’ the intersection form on
N, and (, )" the intersection form on M#N, then

<7>”:<a>@<a>/'

Proof. We work in cohomology as we wish to obtain the cup product structure. The
argument in homology is very similar.

Consider the disjoint union M UN of M and N. Then it is certainly true that
H/(MUN) = H/(M) @ H’(N) for every j, and that the cup product on M UN is
given by, using this direct sum decomposition,

(at,0)U(B,0) = (UPB,0)
(07’}/) U (076) = (07YU6)
(a,0)U(0,8) = (0,0)
(07Y)U(ﬁ70) = (070)

for all cohomology classes, which is the multiplication

(o, 7)U(B,6) = (aUB,yUd)

for all cohomology classes.

Next we have the identification map i : M UN — M V N, which induces an
isomorphism on cohomology in all positive dimensions, and hence gives the same
product structure on cohomology in positive dimensions. This is just the identity
(R Uit(v) =it (uuv).

Consider the exact sequence of the pair (M, M’). We see, using excision,

HI*Y (M M) <—— HI(M') <~—— HI (M) ~—— H/(M,M")

I I

H‘j+l(D”7Sn_1) H'j(Dn,Sn_l)
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so H/(M) — H/(M') is an isomorphism for j < n— 1, and an injection for j =n— 1.
But we also have the exact sequence

H"(M') «— H"(M) +— H"(M,M') «— H" ' (M) «— H" "' (M)

We have that H"(M) = Z and H"(M,M") = Z. But M’ is a manifold with boundary,
so by Lefschetz duality H"(M') =2 Hy(M',0M’) = 0 as the map Hy(dM') — Hy(M')
is surjective (in fact, an isomorphism).

Hence the map H"(M,M') — H"(M) is an isomorphism, and in particular is an
injection, so H/(M) — H/(M') is also a surjection for j = n — 1, and hence an
isomorphism.

Of course, the map H/(N) — H/(N’) is an isomorphism for all j < n—1 by
exactly the same argument.

Let M" = M'US" ! x [~1,0] C M#N and let N” = N' US"~! x [0,1] C M#N.
Then M’ is a strong deformation retract of M and N is a strong deformation retract
of N”, so the inclusions/retractions induce isomorphisms on cohomology. (In fact,
M" is homeomorphic to M’ and N” is homeomorphic to N'.) Also, M#N = M" UN"
and M" NN" = §"~! x {0}.

Finally, observe that there is a natural map p : M#N — M V N obtained by
identifying §"~! x {0} to the pointg = MNN € MV N.

Here is a picture of the various spaces involved.

-S>
C e XD

MV N

With all these preliminaries out of the way, we have a commutative diagram of
Mayer-Vietoris sequences

HI(q) =<—— HI(M)@® HI(N) =— HI(MUN) HI7(q) Hi~Y(M)e HI"}(N)

: ' : / '

HI(S™'x{0}) < HI (M")@ HI (N") <— HI (M#N) <— Hi~'(S"1x{0}) < Hi~!(M")@ Hi~!(N")

For j > 1 and j < n— 1, the first, second, fourth, and fifth vertical arrows are
isomorphisms, and hence, by the five lemma, Lemma A.1.8, so is the third.

In case j = n— 1, consider the map in the lower left-hand corner. Note that
§"~1 x {0} is the boundary of both M” and N”, so the maps H" '(M") —
H"1(8"1 x {0}) and H"'(N") — H"~'(§"~! x {0}) are both the 0 map by the
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dual of Corollary 6.2.36. Hence we may replace H" ! (S"~! x {0}) by the zero group
and apply the five lemma once again.
Now consider the case j = n. We have the lower sequence

— H"(M#N) «— H" (8" 1 x {0}) «— H" ' (M"Y H" ' (N")
HH(M//) EBHV[(N//)

We have just observed that the right-hand map is the zero map. Also, we observed
earlier that H"(M") = 0 and H"(N") = 0 and hence H"(M") = 0 and H"(N") = 0.
Thus H"(M#N) = Z.

Let {M} denote the fundamental cohomology class of M. Consider the sequence

H"(M)+— H"(M,D) —H"(M',0M’) +— H" (M#N,N"") — H" (M#N)).

The first map is certainly an isomorphism, the next two are excisions, and the
last map is a map in the exact sequence of the pair (M#N,N") whose next term
is H"(N") = 0. Thus it is a surjection from Z to Z and hence an isomorphism.
The image of {M} in the intermediate group is the fundamental cohomology class
{M',0M’} and its image in the right-hand group is the fundamental cohomology
class {M#N}. Similarly the image of {N} is {M#N}. (These follow because of our
choices of orientations.)

Now we have the same argument that the cup product structures on H*(M V N)
and H*(M#N) are isomorphic for cohomology classes of dimensions j and k with
j,k>0and j+k<n. If u € H/(M#N) and v € H*(M#N), then p* : H'(M#N) —
H(M V N) is an isomorphism for i = j,k, j +k, and p*(u) Up*(v) = p* (LU V).

If j+k = n, consider a class p*(c,0) in H/(M#N) and a class p*(0,7) in
H¥(M#N). Then p*(,0) U p*(0,7) = p*((e,0) U (0,7)) = p*(0) = 0 as (c,0) U
(0,y) =0 € H/*K(M v N). Similarly p*(0,B8) U p*(y,0) = 0.

Again with j+k = n, consider a class p*(c,0) € H/(M#N) and a class p*(f3,0) €
H*(M#N). Suppose o U B = x{M} € H*(M). Then p*(c,0) U p*(B,0) = p*(aU
B,0) = p*(x{M},0) = x{M+N}. Similarly for p*(0,y) € H/(M#N) and p*(0,3) €
H*(M#N) with yU S = y{N} we have p*(0,7) U p*(0,8) = y{M + N}, and we are
done. O

Example 6.4.18. Let n be even. We adopt the notation and language of
Example 6.4.4.

In the basis of H"(CP") consisting of the element /=, intersection form of
the oriented manifold CP" has matrix [1], so H(CP") has rank 1 and signature
o(CP") = 1, while the intersection form of the oriented manifold CP" has matrix
[—1], so CP" has signature 6(CP") = —1.

Then for nonnegative integers r and s,

n/2

M =CP'#-- - #CP"#CP"#- - - #CP",
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where there are r copies of CP" and s copies of CP", is a (2n)-manifold with rank
H,(M) = r+ s and signature 6(M) =r —3s. O

6.5 Exercises

Exercise 6.5.1. (a) A manifold is defined to be a topological space (i) in which
every point has a neighborhood homeomorphic to R”, for some fixed n, (ii)
which is Hausdorff, and (iii) which is separable. Give examples of spaces
satisfying any two of these properties but not the third.

(b) Show that if M is compact, then (i) implies (iii).

Exercise 6.5.2. Let f: (M,0M) — (N,dN) be a homeomorphism. Show that f :
int(M) — int(N) and f : M — JN.

Exercise 6.5.3. Show that every connected manifold is homogeneous, i.e., that
if M is a connected manifold and x and y are any two pairs of M, there is a
homeomorphism f : M — M with f(x) = y. (Note this implies that if M and N
are connected manifolds, M VV N is well-defined up to homeomorphism.)

Exercise 6.5.4. Let M and N be manifolds of dimension n > 1, and let M VV N be
formed from M and N by identifying x € M with y € N. Call this identification
point z. Suppose that f : M VN — MV N is any homeomorphism. Show that f(z) = z.

Exercise 6.5.5. Let M and N be connected manifolds. Describe H.(M V N),
H*(MVN), and the ring structure on H*(M V N), in terms of H,.(M), H.(N), H*(M),
H*(N), and the ring structures on H*(M) and H*(N).

Exercise 6.5.6. Prove Corollary 6.2.31.

Exercise 6.5.7. Let M and N be manifolds. Show that M x N is orientable if and
only if both M and N are orientable.

Exercise 6.5.8. Let M and N be manifolds. Express the first Stiefel-Whitney class
wi(M x N) in terms of w; (M) and w (N).

Exercise 6.5.9. Let M be an n-manifold and suppose H.(M) # H,(S"). Show that
the suspension XM of M is not a manifold. (Of course, XS” is a manifold as it is
homeomorphic to §"*1.)

Exercise 6.5.10. Let f : X — X. The mapping torus Ty of f is the quotient space
X x I/ ~ where ~ is the identification of (f(x),1) with (x,0) for every x € X. If X
is an n-manifold and f is a homeomorphism, show that 7y is an (n 4 1)-manifold.

Exercise 6.5.11. Let f : S” — S" be a homeomorphism. Find H.(Ty), H*(T¥), and
the ring structure on H* (7).

Exercise 6.5.12. Let f : M — M be a homeomorphism, where M is an
n-manifold.



126 6 Manifolds

(a) If M is nonorientable, show that T is nonorientable.
(b) If M is oriented, show that Tr is orientable if and only if f is orientation-
preserving (i.e., if fi.([M]) = [M]).

Exercise 6.5.13. Let M and N be connected compact oriented n-manifolds, and let
f:M — N.Then f,([M]) = d[N] for some integer d. This integer is called the degree
of f. If f has nonzero degree, show that N = f(M) (i.e., that for every yy € N, there
is an xop € M with f(xo) = yo).

Exercise 6.5.14. Let M and N be compact connected manifolds of dimension n and
let f : M — N. Suppose there is some point yo € N such that f~!(yo) = {xo}, a single
point of M. Suppose furthermore that yy has an open neighborhood V such that, if
U= f"Y(V), f:U —V is a homeomorphism.

(a) Show that f, : H,(M;Z,) — H,(N;Z,) is an isomorphism.
(b) If M and N are both oriented, show that f has degree +1.

Exercise 6.5.15. (a) Let M be a compact connected n-dimensional manifold. Show
there is amap f: M — S" with f, : H,(M;Z,) — H,(S";Z,) an isomorphism.

(b) Let M be a compact connected oriented n-manifold. Let $” be oriented. Show
there is a degree 1 map f: M" — S".

Exercise 6.5.16. (a) Let M and N be compact connected n-manifolds and let f :
M — N be a map with f, : H,(M;Z,) — H,(N;Z) an isomorphism. Show
that f. : Hy(M;Z,) — Hy(N;Z,) is onto for every k, and f* : HY(N;Z,) —
H*(M;7Z,) is 1 — 1 for every k.

(b) Let M and N be compact connected oriented n-manifolds and let f : M — N be
any map of degree 1. Show that f, : Hy(M;Z) — H,(N;Z) is onto for every k,
and f* : HX(N;Z) — H*(M;Z) is 1 — 1 for every k.

(c) Let M and N be compact connected oriented n-manifolds and let f : M — N be a
map of nonzero degree d. Let IF be any field of characteristic 0 or characteristic
relatively prime to d. Show that f, : H,(M;F) — Hi(N;F) is onto for every &,
and f* : HX(N;F) — H*(M;F) is 1 — 1 for every k.



Chapter 7
Homotopy Theory

Let X be a space and let xy be a point in X. In section 2.1 we introduced the
fundamental group m;(X,x0). In this chapter we introduce the homotopy groups
7, (X, x0) for every n > 0. Also, if (X,A,xg) is a triple, i.e., if A is a subspace of X
and xo is a point in A, we have the relative homotopy groups m,(X,A,xg) for every
n>1.

Actually, what we have said is not quite precise, as my(X) and 7 (X,A,xq) do
not have a group structure. Instead they are pointed sets. Thus we digress a bit to
discuss pointed sets.

A pointed set S is a nonempty set with a distinguished element sy € S.

If S and T are pointed sets with distinguished elements sg and #y respectively,
then a map of pointed sets f : S — T is a function f : S — T with f(so) = 1.

In this situation,

Ker(f) ={s €S| f(s) =1}
Im(f)={t €T |t= f(s) for some s € S}.

Our language and some of the details of our constructions in this chapter will
differ here than in Chap. 2, but we leave it to the reader to check that for n = 1, what
we are doing here agrees with what we did there.

7.1 Definitions and Basic Properties

We first establish some conventions and notation we will use throughout this
chapter:

(X,x0) always denotes a nonempty space X and a point xy € X, and X, denotes
the path component of X containing xo.

(X,A,x0) always denotes a nonempty space X, a nonempty subspace A of X, and
a point xy € A.
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I" is the unit cube in R", I" = {(#y,...,4,) |0 <#; <1, i=1,...,n}. Its boundary
I" = {(t1,...,ty) | t; = 0 or 1 for some i}, and 91" = J" ' UK""! where J" ! =
{(t1,...,t,) | 1 = 1} and K"~ is the closure of the complement of J*~! in JI". We
call J*~! the front of dI" and K"~ ! the rear.

(Note that dI' = {0} U {1} with JO = {1} and K° = {0}.)

Definition 7.1.1. For n =0, m,(X,xp) is the set of homotopy classes of maps o :
(I',K%) — (X,xp). For n > 1, m,(X,xo) is the set of homotopy classes of maps
o (1',91") — (X, xp).

For n > 1, m,(X,A,xp) is the set of homotopy classes of maps o :
(1K — (X, A, x). O

Analogously with our construction of the fundamental group, we may identify
(I"/oI", 01" /dI") with (§",1) and under this identification we see that 7, (X,x¢) is
the set of homotopy classes of maps f: (§",1) = (X,xp), forn > 1.

Under this identification f represents the trivial element of 7, (X,xp) if f extends
to f: (D", 1) — (X,xp). However, note that the “obvious” homotopy to the
constant map provided by this extension is not the correct one, as it is not a
homotopy rel {1}. The correct homotopy is F : (D", 1) x I — (X,xo) given as
follows: Let i, : S" — D" ' by i, (x1,...,x,11) = (1 =) (x1, ... ;X0 1) + (¢,0,...,0).
(The image of S" under i; is a sphere of radius 1 —¢ centered at the point
(¢,0,...,0). Also, #(1,0,...,0) = (1,0,...,0) forevery r.) Then F (xy,. .., Xpt1,f) =
f(i[ (x1 N ,xn+1)).

Similarly we may regard m,(X,A,xo) as the group of homotopy classes of maps
f:(D",8" 1 1) = (X,A,x0) forn > 2.

We observe that 75(X,x) and 7 (X,A,xo) are pointed sets with distinguished
element the homotopy class of the constant map to xo.

Lemma 7.1.2. m(X,xo) is isomorphic to the set of path components of X, with
distinguished element X.

We now put a group structure on 7,(X, xo) for n > 1 and on 7, (X, A, xo) for n > 2.
In the following pictures heavy points, lines, or regions mark points that map to the
basepoint xg.

Definition 7.1.3. The group structure on 7, (X, xo) for n > 1 and on m,(X,A,xo) for
n > 2 1is given by “following”:
For n = 1 the product of

.L ° and .Lo is ._.L

For n = 2 the composition of

« and 3 is
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(In the case of m(X,xp) the front face is also heavy, while in the case of
m(X,A,xp) it is not.)
Similarly for n > 2. O

Lemma 7.1.4. Forn > 2, m,(X,x0) is an abelian group. For n > 3, m,(X,A,xo) is
an abelian group.

Proof. Here is a picture of a homotopy between o8 and B in case n = 2, for

nn(X,xo).
g K o
n 03 03 04
2 N E 8
Similarly for n > 2 for m,(X,xo) and for n > 3 for m,(X,A,xo). O

Definition 7.1.5. The boundary map 0 : m,(X,A,x0) — T,—1(A,xo) is defined as
follows: Let a : (I",J""',K"~!) — (X,A,xo) represent an element of m,(X,A,xo).
Ifn=1,leti:dI' — I' be the inclusion, and observe that i(Ko) = Ko. Then da is
the homotopy class of the map o : (dI',K?) — (A,xo). If n>2, leti: "' = I"
by i(t1,...,tn_1) = (1,t1,...,t,_1), and observe that i(/"~') = J"~ ! and i(dI"~ ") C
K"~!. Then do is the homotopy class of the map o : (I" ', 1" ') — (A, x0). O

Definition 7.1.6. Let f : (X,x9) — (¥,y0) be a map. The map f induces f; :
(X, x0) — m,(Y,y0) by composition, i.e., if o : (dI',K°) — (X,xo) represents an
element of my(X,xp), or a : (I",dI") — (X,x0) represents an element of 7, (X,xo)
for n > 1, then f.(a) is the homotopy class of the map fo. Similarly a map
f:(X,A,x0) — (Y,B,yp) induces f : m,(X,A,x0) = 7, (Y,B,¥p). %

Lemma 7.1.7. For n > 1, f, : m,(X,x0) — 7.(Y,y0) is a group homomorphism,
and for n>2, f. : m(X,A,x0) = m,(Y,B,y0) is a group homomorphism. Also, f; :
(X, x0) = mo(Y,y0) and fi : m(X,A,x0) — m (Y,B,y0) are maps of pointed sets.

Lemma 7.1.8. The inclusion (Xo,x0) — (X,x0) induces isomorphisms m,(Xo,xo) —
7, (Xo,x0) for every n>1, and isomorphisms 1,(Xo,Xo NA,x0) — 7, (X,A,x0) for
everyn > 1.

We have the following basic properties of homotopy groups (compare the
Eilenberg-Steenrod axioms for homology): In parts (1), (2), and (5) we only state
these for relative homotopy groups, but this also includes the absolute case, as
7, (X, x0,%0) = M, (X, x0) for n > 1, and in this special case we define my(X,x0,x0)
to be ﬂo(X,xO).



130 7 Homotopy Theory

Theorem 7.1.9. (1) If f : (X,A,xy) — (X,A,xq) is the identity map, then f. :
(X, A, x0) — m,(X,A,x0) is the identity map.

2) If f:(X,A,x0) = (Y,B,yo) and g : (Y,B,y0) = (Z,C,z0), and h is the composi-
tionh=gof, h:(X,A,x0) = (Z,C,z0), then h, = g o fs.

3) If f: (X,A,x0) — (Y,B,yo) then the following diagram commutes:

T (X, A,20) ——> 7 (Y, B,yo)
o} J
(f1A)+
Tn—1 (A7$0) Tn—1 (va())

(4) The homotopy sequence

e —> nn(A,X()) — ﬂn(X,xO) — nn(X,A,xo) — ﬂnfl(A,xO)

— o — i (X,A,x0) — (A, x0) — mo(X,x0)

is exact.
(5) If f: (X,A,x0) = (Y,B,y0) and g : (X,A,x0) — (Y,B,y0) are homotopic, then
S i m(X,A,x0) = (Y, B,yo) and g, : my(X,A,x0) — m,(Y,B,y0) are equal.

Proof. Parts (1), (2), (3), and (5) are immediate. We leave the proof of (4) as an
exercise. a

Remark 7.1.10. Note there is no analog of the excision property for homotopy. It is
this property that makes homology groups (relatively) easy to compute. By contrast,
homotopy groups are usually (very) hard to compute. O

Just as in the case of the fundamental group, we can ask about what happens
when we change base points, and the answer is very similar.

Theorem 7.1.11. Let X be a path-connected space and let xg, x; € X. Let o0 : 1 — X
be a path from xy to xi, i.e, a(0) = xo and a(l) = x. Then o induces an
isomorphism o : T,(X,x0) — 7a(X,x1). Also, if o0 and B : I — X are homotopic
rel 91, then o, = B..

Proof. Let f: (I",dI") — (X,x() represent an element of 7,(X,xo). The following
picture shows how to obtain o (f) € m,(X,x;) for n = 2, with the general case being
similar.
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By this picture we mean we follow the path & on the portion of “rays” emanating
from the center between the inner and outer boxes. a

There is no reason to restrict ourselves to x; # xg. In the case x; = xg, we have
the following.

Corollary 7.1.12. Let X be a path-connected space and let xy € X. Then the
construction of Theorem 7.1.11 gives an action of (X ,xo) on 7,(X,xo) for every
n. The set of equivalence classes of elements of 1,(X,xo) under this action is in 1-1
correspondence with the set of free homotopy classes of maps f : S" — X.

Proof. The only point to note is that we are considering homotopies F : [" X [ — X
with the property that for every ¢ € I, F|dI" x {t} is a map to a single point, so this
gives us homotopies of maps f : S — X where the point 1 is allowed to move during
the homotopy. O

Remark 7.1.13. Note this generalizes the case n = 1, where the action of 7; (X,x¢)
on 71 (X, xg) is by conjugation. (Compare Lemma 2.1.3.) O

Definition 7.1.14. The space X is n-simple if the action of m; (X,x0) on 7, (X,xo)
is trivial. O

Remark 7.1.15. If X is simply-connected, then X is n-simple for every n. For
example, this is the case for X = §™ for every m > 2. O

Remark 7.1.16. If X is n-simple, then there is a canonical isomorphism from
7. (X, x0) to m,(X,x1): Choose . for any path o from xj to x;. Because of this, in
dealing with n-simple spaces we often drop the basepoint and write 7, (X) instead
of M (X,)C()). <>

We have the following result about the homotopy of CW complexes.

Lemma 7.1.17. Let X be a CW complex, xy a O-cell in X, and let X" be the
n-skeleton of X, for any n. Let i : X" — X be the inclusion. Then i, : (X", xo) —
m (X, x0) is an isomorphism for k < n and an epimorphism for k = n.

7.2 Further Results

In this section we give further results on homotopy groups. These fit in naturally
with, and extend, work we have already done. Towards the beginning of this section
we give proofs that are complete, or nearly so. But, as we have said, homotopy
theory is relatively hard. We cite some classical results later in this section for the
edification of the reader, but their proofs are beyond the scope of this book.

Theorem 7.2.1. Let X and Y be path-connected spaces. Let xo € X and ygp €Y.
Let p: X XY — X and q : X XY — Y be projection on the first and second
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factors respectively. Then p. X qs : Ty(X X Y, (x0,¥0)) = Tn(X,x0) X 7, (Y, y0) is
an isomorphism for all n.

Proof. First we show p, X g. is onto. Let f : (8",1) — (X,x() represent an element
o of m,(X,x0) and let g : (§",1) — (Y,yo) represent an element § of m,(Y,yo).
Then i : (8",1) = (X XY, (x0,¥0)) by h(¢) = (f(¢),g(¢)) represents an element 7y of
(X XY, (x0,y0)) with p.(y) = o and g.(y) = B.

Next we show p. X g« is 1-1: Let f and g be as above and suppose & represents
the trivial element of 7, (X X Y, (x9,y0)). Then h extends to amap H : (§",1) x [ —
(X x Y, (x0,v0)) with H|(S",1) x {1} the constant map to the point (xo,yo). Then
F = p.(H) is an extension of f with F|(S",1) x {1} the constant map to the point
X0, and G = g, (H) is an extension of g with G|(S",1) x {1} the constant map to the
point yg. O

Recall we introduced the notion of a covering space in Sect. 2.2.

Theorem 7.2.2. Let X be a path-connected space and let X be a connected
covering space of X. Let p : X — X be the covering projection. Let %y € X and
let xo € X with p(%y) = xo. Then for every n > 2, p. : my(X, %) — 7.(X,x0) is an
isomorphism.

Proof. First we show p, is onto. Let f: (S",1) — (X,xp) represent an element of
(X, x0). We wish to show there is an f : (§",1) — (}? Xo) making the following

diagram commute
X
P
!
St X

But, by Corollary 2.3.3, 7 (S") = 0, so by Theorem 2.2.8, such as f always exists.
Next we show p, is 1-1. Let f: (S",1) — (X, %) and f = pf : (S",1) — (X, x0).
Suppose that f represents the trivial element of 7m,(X,xp), so that f extends to
F (8" 1) xI— (X,x0) with F|($",1) x {1} the constant map to the point xg.
Then, by Theorem 2.2.5, there is a map F : (§",1) x I — (X,%) with pF = F.
In particular, F|(S",1) x {1} has image contained in p~'(xo). But p~!(xo) is a set
of discrete points, and §" is connected, so F|(S",1) x {1} has image a single point.
But F|(1,1) = X, so that point is %, and hence f represents the trivial element of
T, (X,)C()). O

Corollary 7.2.3. For everyn > 2, m,(S',1) =0.

Proof. We know from Example 2.2.3 that p : R — S! by p(t) = exp(2nmit) is a
covering map, so forn > 2, m,(S',1) 2 m,(R,0) = 0 as R is contractible. |

The proof used the covering homotopy property, which for the convenience of
the reader we restate here.
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Definition 7.2.4. A map p : Y — X has the covering homotopy property if the
following holds: Let E be an arbitrary space and let ' : E x I — X be an arbitrary
map. Let f: E x {0} — Y be an arbitrary map such that p f (¢,0) = F(e,0) for every
e € E. Then f extends to amap F : E x I — Y with F = pF, i.e., to a map making
the following diagram commute

Ex{oy 1 ~v

)

Ex]—— X

If p : Y — X has the covering homotopy property then p is a fibration. O

Example 7.2.5. (1) If X and Y are any two spaces, the projection p: X XY — X
onto the first factor is a fibration.
(2) A covering projection p : X — X is a fibration. O

Here is one of the most important ways fibrations arise.

Definition 7.2.6. A map p : E — B is a locally trivial fiber bundle with fiber F
if the following holds: There is a cover of E by open sets {U;} and for each i a
homeomorphism 4; : p~!(U;) — U; x F making the following diagram commute

x F
U,

7

p (U s
U;

where the lower horizontal map is the identity and the right-hand vertical map is
projection onto the first factor. The map p has a section s if thereisamaps: B — E
with ps : B — B the identity. O

_—
i

Example 7.2.7. (1) The projection p : X X Y — X is a locally trivial fiber bundle
with fiber Y. (Indeed, we call this a globally trivial fiber bundle.)

(2) Every covering projection p : X — X is a locally trivial fiber bundle with fiber
the discrete space p~!(xp). For example, p : " — RP" is a fiber bundle with
fiber two points.

(3) The map p : S>**! — CP" given by p(zo,.-.,21) = [20; - - - ,2n] is a locally trivial
fiber bundle with fiber S' = {z€ C | || = 1}. O

Theorem 7.2.8. Every locally trivial fiber bundle is a fibration.

Theorem 7.2.9. Let p : E — B be a locally trivial fiber bundle. Let by € B,
F = p~Y(by), and e € F. Then for every n,
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DPx . ﬂn(E,F,e()) — ﬂ',,(B,b())

is an isomorphism.

Proof. First we show p, is onto. Let g : (I",0I") — (B, by) represent an element of
7, (B,bg). Regard I" as I x "' Then {0} x "' c 9I" !, sowelet g: {0} x "' —
eo- Then we can apply the covering homotopy property to obtain a commutative
diagram and hence a map G’ : (I",J',K’) — (E,F,ep), where J' = {0} x I""! and
K’ is the closure of dI" —J'. This is almost but not quite what we need to obtain a
representation of an element of 7, (E, F, e). For that we need G : (I",J"~! K"~ ') —
(E,F,ep). But we may obtain such a map G by composing a homeomorphism of /"
with itself with the map G’ as in the following picture, where (as usual) the heavy
lines indicate points mapped to e:

Next we show p, is 1-1. Let g : (I",J"~' K"~!) — (E,F,ep) and suppose that
g = p«(g) represents the trivial element of 7,(B,bg). Then there is a mapping
G: (I"J"=1 K" ') x I — (B,bg) extending the map g on (I",J"~!' K"~1) x {0}
and with G : (I",J"~1,K"~1) x {1} — by. By the covering homotopy property, there
isamap G: (I",J'""!, K" 1) x I — E extending § with pG = G. In particular,
pG((I",J 1 K" 1) x {1}) = by, i.e., G(I" x {1}) C F. But this means that G, and
hence g, represents the trivial element of 7, (E, F, ). O

We now have a corollary that generalizes both Theorems 7.2.1 and 7.2.2.

Corollary 7.2.10. Let p : E — B be a locally trivial fiber bundle with fiber F =
p~N(bo) and let fy € F. Then there is an exact sequence

s Ta(F, fo) — Ta(E, fo) = (B, bo) — Ty 1 (F, fo) — -+
If p has a section, then for each n,

7 (E, fo) = 7u(B, bo) X ma(F, fo).
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Proof. The first claim follows immediately from Theorems 7.1.9 and 7.2.9.
As for the second claim, if s is a section, then s, : 7, (B, b)) — 7, (E, fo) splits ps,
so this long exact sequence breaks up into a series of split short exact sequences. [

Example 7.2.11. By Example 7.2.7 and Corollary 7.2.10, we have that
m (S = m (CP") for every k > 3. In particular, since CP' = S?, we have
that 73 (52) = 77,'3(53). O

We have the following general finiteness properties of homotopy groups
Theorem 7.2.12. Let X be a connected finite CW-complex.

(a) If X is simply connected, then m,(X) is a finitely generated abelian group for
each n.
(b) In general, m,(X,xq) is finitely generated as a 7w (X, xo) module.

Example 7.2.13. Let X be the space

)
—

Then 7 (X) = 7 (X) where X, the universal cover of X, is

and 1, (X) is not finitely generated. O
Theorem 7.2.14. ;(S") =0 fori <n.

Proof. Give S' a CW-structure with one cell in dimension i and one cell in
dimension 0, and give S" a CW-structure with one cell in dimension » and one
cell in dimension 0. Let f : S’ — S" represent an element of 7;(S"). Then by
Theorem 4.2.28, f is (freely) homotopic to a cellular map g : S’ — S”. But by the
definition of a cellular map, the image of the i-skeleton of S’ must be contained in
the i-skeleton of S”, which is a point. Thus f is freely homotopic to a constant map.
But by Corollary 2.3.3 7 (") = 0 for n > 1, so by Corollary 7.1.12 f is homotopic
as a map of pairs to a constant map. O

(This proof is deceptively simple, as the proof of Theorem 4.2.28 is highly
nontrivial.)
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Theorem 7.2.15 (Hopf). Two maps f:S" — S" and g : S* — S" are homotopic if
and only if they have the same degree.

Corollary 7.2.16. Foranyn> 1, m,(S") 2 Z.

Proof. By Hopf’s theorem, we have an isomorphism

7, (S") — {degrees of maps from S" to S"}.
But this latter set is Z by Theorem 4.2.31. O
Hopf’s theorem has a vast generalization due to Hurewicz, which we now give.

Definition 7.2.17. The Hurewicz map 6, : 7,(X ,x0) — Hu(X) or 6, : m,(X,A,x0) —
H,(X,A) is defined as follows: Let f : (S",1) — (X,xo) represent o € m,(X,xp). Let
0, be the standard generator of H,(S") as defined in Remark 4.1.10. Then

O (o) = fi(On).

Similarly, if f : (D", 8" ',1) — (X,A,xo) represents o € 7,(X,x0), then
B () = f+(6n). 0
Note that 0; : 71 (X,x0) — H;(X) is the map 6 of Sect.5.2.

Lemma 7.2.18. The following diagram commutes:

——= T (Ajzg) — T (Xzg) — T (X, A,z y) i> Tn_1(Axg) — -

S T e

s Hp(A) = Hy(X) ——= Hp (X, A) — L= H, (A) — ...

Theorem 7.2.19 (Hurewicz). Let X be a path-connected space. For any fixed
integer n > 2 the following are equivalent:

(@ m(X)=0and H(X)=0fork=1,...,n—1.
®) m(X)=0fork=1,....n—1.

In this situation, the Hurewicz map

0, : Tu(X) — Hy(X)
is an isomorphism.
Definition 7.2.20. The space X is n-connected if m,(X,x0) = 0 for i < n. The

pair (X,A) is n-connected if the map my(A) — m(X) is onto and 7;(X,A) = 0 for
1<i<n. O

Recall we considered the suspension XX of a space X in connection with our
discussion of homology. We now consider it in connection with homotopy.



7.3 Exercises 137

Theorem 7.2.21. (a) For any space X, XX is path-connected.
(b) For any path-connected space X, XX is simply connected.
(c) IfX is n-connected for any n > 1, then XX is (n+ 1)-connected.

Proof. (a) is trivial and (b) follows from van Kampen’s theorem. (c) is a conse-
quence of Theorem 3.2.13 and Hurewicz’s theorem. O

Now let f: X — Y be arbitrary. Then we have the map Xf : X — XY.
In particular we may let X = S, so f: S = Y gives Xf : £ — Y, and we may
naturally identify XS¥ with S**!. Clearly if f and g are homotopic, so are X f and Xg,
and so we obtain a map X : m(Y,y0) — T 1 (ZY,y0).

Theorem 7.2.22 (Freudenthal suspension theorem). Let n > 2 and suppose that
Y is (n—1)-connected. Then X : m(Y) — m1(Y) is an isomorphism if k < 2n—2
and an epimorphism if k = 2n — 1.

Corollary 7.2.23. (a) For any space Y, and any integer k, the sequence

s s s
T (Y) = M1 (Y) = Meia(Y) = -+

consists of isomorphisms from some point on.
(b) In particular, taking Y = S", X : Ty 0 (S") = Myyns1 (S™1) is an epimorphism
for n=k+1 and an isomorphism for n > k+ 2.

Definition 7.2.24. The limit group in the sequence in (b) is called the stable k-stem,
denoted 7. O

We conclude by summarizing some basic facts about the homotopy groups of
spheres, a field that has been an active area of research for almost 80 years, and is
still going strong.

Theorem 7.2.25. (a) ;(S') = Z and m,(S') =0 for n > 1.
(b) m(S")=0fori<n.

(c) m (8" =Z.

(d) m(S?) = m(S?) fori>3.

(e) (Serre) For n even, mp,—1(S") = Z&® a finite group.

(f) (Serre) Except for cases (c) and (e), m;(S") is a finite group.

~

(R AV =Y/ A=V

7.3 Exercises

Exercise 7.3.1. Prove Theorem 7.1.9(4), the exactness of the homotopy sequence
of a pair.

Exercise 7.3.2. Prove Lemma 7.1.17.
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Exercise 7.3.3. Prove the claim of Example 7.2.7(3), that p : $"*! — CP" is a
locally trivial fiber bundle with fiber S.

Exercise 7.3.4. Regard CP" as a subspace of CP"*! by identifying the point
[20,...,2s] of CP" with the point [zg,...,z,,0] of CP"*!. Let CP* = |J7_,CP".
Show that m;(CP*) = Z for k = 2 and m(CP™) = 0 for k # 2.



Appendix A
Elementary Homological Algebra

Homological algebra is the branch of algebra that arose out of the necessity to
provide algebraic foundations for homology theory. In this appendix we do not
propose to systematically develop homological algebra. Rather, we just wish to
develop it far enough to provide for our needs in this book. Thus, we do not advise
the reader to read it straight through — it will seem like a curious collection of
unmotivated results — but rather to refer to it as necessary.

The basic method of proof here is “diagram chasing”. We do some representative
proofs in detail but leave most of them for the reader.

Throughout this appendix R denotes an arbitrary commutative ring with 1.
We will specialize to R = Z, or a field, as necessary.

A.1 Modules and Exact Sequences
Definition A.1.1. A sequence of R-modules

o A 2 A A TS Ay —
is exact if for each i, Ker (@; 1) = Im (¢;). O

Remark A.1.2. In an exact sequence, A; = 0 is equivalent to ¢;_» : A;_» — Aj_|
being a surjection and @;;1 : A;y; — A;2 being an injection. O

Remark A.1.3. A sequence 0 — A — 0 is exact if and only if A = 0. A sequence
0 — A -2 B— 0is exact if and only if @ is an isomorphism. O

Definition A.1.4. An exact sequence of R-modules

0—ASBY5Cc—0
is a short exact sequence. O
© Springer International Publishing Switzerland 2014 139

S.H. Weintraub, Fundamentals of Algebraic Topology, Graduate Texts
in Mathematics 270, DOI 10.1007/978-1-4939-1844-7



140 A Elementary Homological Algebra

Remark A.1.5. This is equivalent to: ¢ is an injection, Y is a surjection, and
Im(¢p) = Ker (y). O

Definition A.1.6. A short exact sequence of R-modules

0—aA 2B Ysc—0

is split if Im () = Ker () is a direct summand of B. O

Lemma A.1.7. Given a short exact sequence of R-modules

0—aA 2B YsCc—0

the following are equivalent:

(1) There exists a homomorphism (necessarily a surjection) o : B — A such that
ao¢:dd+

(2) There exists a homomorphism (necessarily an injection) B : C — B such that
Woﬁ:ﬁﬂ}

(3) This sequence is split.

If these equivalent conditions hold then o, and B are said to split (or be a splitting
of) the sequence, and
B=Im(¢)®Ker(a)
= Ker(y)®Im(p)
=2ADC.

Lemma A.1.8 (The five lemma). Given a commutative diagram of exact
sequences

A, A, As A, As
lﬁ lh iﬁ iﬂ iﬁ
B B, B; By Bs

If f1, f2, f1, and fs5 all isomorphisms, then so is f3.

Proof. First we show f3 is an injection. Let x € A3 with f3(x) =0, i.e., x “goes to 0”
in B3. Then x goes to 0 in B4. Now x goes to some element y in A4. By commutativity
y goes to 0 in By4. But fi is an isomorphism, so y = 0. Thus x goes to 0 in A4,
so by exactness x comes from some z in A>. Then z goes to some w in By. By
commutativity w goes to 0 in B3, so w comes from some v in Bj. Since fi is an
isomorphism v comes from some u in A;. Then u goes to some ¢ in A, and by
commutativity # also goes to w in B;. But f, is an isomorphism, so t = z. Thus « in
A1 goes to z in Ay which goes to x in A3. By the exactness of the top row, x = 0.
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Next we show f3 is a surjection. Let x € B3. Then x goes to some y in B4. Since
fa is an isomorphism, y comes from some z in A4. By exactness, y goes to 0 in Bs, so
z also goes to 0 in Bs. But f5 is an isomorphism, so z goes to 0 in As. By exactness,
z comes from some w in A3. Then w goes to v = f3(w) in Bs. By commutativity, v
also goes to y in By, so x — v goes to 0 in B4. Hence x — v comes from some u in
B;. Since f> is an isomorphism, # comes from some ¢ in A;. Then ¢ goes to some
s in A3, and by commutativity s goes to x — v in B3, i.e., f(s) = x —v. But then
fls+w)=x—v+v=nx O

Corollary A.1.9 (The short five lemma). Given a commutative diagram of short
exact sequences

0 A As Ay 0
o o s
0 B> B3 By 0

If f>» and f4 are isomorphisms, then so is f3.
Recall the following basic definition.
Definition A.1.10. An R-module M is free if there is some subset S = {m; };c; of M

such that every m € M can be expressed uniquely as a finite sum

m= Zrimi, ri € R, only finitely many nonzero.

il
In this case, S is a basis of M. O
Lemma A.1.11. (a) Let C be a free R-module. Then every short exact sequence of
R-modules
0—A—B—C—0
is split.

(b) If R=TF is a field, every short exact sequence of R-modules is split.

Proof. (a) Let C have basis {c;}ies. For each i, let b; € B with y(b;) = ¢;. Then
there is a unique map f : C — B defined by (c;) = b; for each i, and this gives
a splitting by Lemma A.1.7.
(b) If R =F is a field, an R-module is an F-vector space, so has a basis, and so is
free.
O

We remind the reader of the construction of the dual of a module and the dual of
a map, which are at the core of cohomology.
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Definition A.1.12. Let M be an R-module. Its dual module M* is the R-module
M* =Hom (M,R),

the module of R-homomorphisms from M to R.
If f: M — N is a map of R-modules, the dual map f*: N* — M* is the map
defined by

(f*(a))(m) = a(f(m)) forax e N, meM. o

We now generalize the notions of ring and module to the graded case.

Definition A.1.13. (1) A graded commutative ring . is aring . with 1 such that
the additive group of . decomposes as . = @7 S; and the multiplication
has the property that of x € §; and y € S then xy € S; 4. Also, the ordinary
commutative law for multiplication is replaced by the law

yx=(=1)*xy forxes;, yes;.

(2) A left module & over a graded commutative ring . is a left .#-module .4
such that 4" = @,z N; and the module structure has the property that if s € S;
and n € N then sn € N.

(3) A ring homomorphism ¢ : ¥ — 7, where N = @,z Si and T = Pz T
are graded commutative rings, is a homomorphism of rings that satisfies the
additional property that if s; € S;, then t; = ¢(s;) € T;.

(4) A graded commutative R-algebra . is a graded commutative ring that is an
R-algebra with the property that if » € R and s; € §;, then rs; € S;.

(5) An algebra homomorphism ¢ : ¥ — 7 between graded commutative
R-algebras is a ring homomorphism that is a map of algebras. %

(Of course, any graded commutative ring is a graded commutative Z-algebra.)

A.2 Chain Complexes

Definition A.2.1. A chain complex over R is o/ = {A;,d;}icz, a set of R-modules
A;, and R-module homomorphisms d; : A; — A;_1, with the property that d;_d; :
A; — A, is the 0 map for every i. O

Often we abbreviate d; by d, and write the relation d;_1d; = 0 as d? = 0. Note
that this condition implies Im (d;y) C Ker (d;) for every i.

Definition A.2.2. Let o/ be a chain complex. Then the i-th homology group H;(<7)
is the R-module

H,(%) :Ker(di)/lm(diJrl). <>
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Definition A.2.3. Let a € Ker(d;). Then [a] denotes the image of a in H;(<7)
under the quotient map Ker (d;) — Ker (d;)/Im (d; ), and [a] is the homology class
represented by a. If o € H;(</) and a € Ker (d;) with [a] = o, then a represents (or
is a representative of) a. O

Definition A.2.4. An element a € 4; is called a chain. An element a € Ker (d;) is
called a cycle. An element a € Im (d;) is called a boundary. O

Definition A.2.5. Let .o/ = {A;,d"} and % = {B;,d?} be chain complexes. A map
of chain complexes F : &/ — 2 is a collection of homomorphisms F = {f; : A; —
Bi}icz such that for each i, the following diagram commutes:

fi

A
fica

Aj | —— B;_1.

¢

Definition A.2.6. Let F : &/ — % be a map of chain complexes. The induced map
on homology F, : H.(&/) — H.(%) is defined as follows: F, = {f; : Hi(«/) —
H;(2)}icz, where fi([a]) = [fi(a)]. %

Lemma A.2.7. The induced map on homology F is well-defined.

Proof. We must show it is independent of the choice of representative a. Thus
suppose [a] = [d]. Then a = d’ 4+ a” where d” € Im (dj11), i.e., a”’ = diy1(a") for
some a’’. But then

fila) = fi(d' +d") = fi(d') + fi(d")
= fild) + fildit1(a"))
= fi(d') +dir1(fi(a"))

so [fi(a)] = [fi(d)]. O

Definition A.2.8. Let F : o/ — % and G : & — 98 be maps of chain complexes. A
chain homotopy between F and G is a collection of maps @ = {@; : A; = Bj1 }icz
such that

dﬁrl‘Pi+(Pi—1d}4:ﬁ—gi:Ai—>Bi for each i o

Lemma A.2.9. Suppose that there is a chain homotopy @ between F and G. Then
F. =G, ie., fi =g foreachi.

Proof. Leta € A; be a cycle. Then

[fi(a)] = [(gi +dPy i+ @im1d} ) (a)]
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= [si(a)] + [ 1 @i(@)] + [im1df ()]
= [si(a)]
as d® | (¢i(a)) is a boundary and d# (a) = 0 since a is a cycle. O

Theorem A.2.10. Let 0 — o7 —— B -5+ % — 0 be a short exact sequence of chain

complexes, i.e., suppose that for each i, 0 — A; i> B; 2% C; — 0 is exact. Then
there is a long exact sequence in homology

e Hi( ) T H(B) B Hi() 2 H (o) — -

Proof. We show how to define d by a “diagram chase”. The remainder of the proof
is a further diagram chase, which we omit.

We have:
0 A —T BT g, 0
fic1 gi—1
0 Ay Bi_y Cioy —0

Let ¢; € C; be a cycle. Since g; is onto, there is an element b; € B; with g;(b;) =
ci. Let b;_| = dlB(b,) Then gl;l(bifl) = g,;ldlB(b,’) = dl-cg,'(bi) by commutativity
= dic(ci) = 0 since ¢; is a cycle. By exactness, there is a unique a;—; € A;—1 with
.ﬁ'*l (ai,l) = b,’. Define

di([ci]) = [ai-1] € Hi—1 ().

Theorem A.2.11. Suppose there is a commutative diagram of exact sequences

@y 71

and suppose further that € is an isomorphism, for each i.
Then there is a long exact sequence

---—>Ai—g—>Bi@Dii>Ei—é—>A,‘,1 —> e
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where the maps o, B, A are defined by:

a(q) = (e (q), 2(q))
B(r,s) = Bi(r) — Ba(s)
A1) =de” ' n(0).

Proof. We shall chase this diagram to show that the given sequence is exact.

(i) Im (o) CKer(B): Let (r,s)=0(q) = (1 (g),02(g)) for some q. Then B(r,s)=
Bi(r) = Ba(s) = Brou(q) — Boox(g) = 0 by the commutativity of the diagram.

(ii)) Im(B) C Ker(A): Lett = B(r,s) = B1(r) — Bo(s) for some r,s. Then A(¢) =
die”'n(t) = die” ' n(Bi(r) — die” '1(Ba(s)). But, by commutativity, 11 =
e B so A(t) =y (r) — d1e ' (12B2(s)) = 0 — 0= 0 by exactness.

(iii) Im(A) C Ker(a): Let ¢ = die 'p(t). Then a(q) = (oqdie!
1(t), 00017 p(t)). But, by commutativity, d» = opdie~! so a(q) =
(0101 (e ' 1a(1)), a1 (r)) = (0,0) = 0.

(iv) Ker(B) C Im(ox): Suppose B(r,s) = Bi(r) — Ba2(s) = 0. Let u = Bi(r) =
Ba2(s). Then % (u) = P1(r) = 2B2(s) = 0 by exactness. By commutativity,
vBi1(r) = €y (r) so €y (r) = 0. But € is an isomorphism, so ¥ (r) = 0.
Then, by exactness, r = 01 (qo) for some gg. Let so = 0 (qo). Then By (so) =
Ba02(q0) = Bra(go) = Bi(r) = Ba(s), so Ba(s —so) = 0. Then, by exactness,
s — 59 = h(v) for some v. Let w = £~ !(v) and x = d;(w). Then ap(x) =
001 (W) = dhe(w) = dhe(e™'(v)) = dh(v) = s —s0. Set g = go +x. Then
ai(q) = ou(qo+x) = au(qo) + o (x) = au(go) + 0 di (w) = 0 (qo) = r, and
o (q) = oa(qo+x) = ea(qo) + 02(x) = so+ (s — s0) = s. Thus (r,s) = a(q).

(v) Ker(A) CIm(B): Suppose A(t) = d1e~'95(t) = 0. Then 0 = 9 (¢ ' 5(¢)) so
e 'y (t) =7 (r) for some r. Then 7, (r) = 1(t), and then pB; (r) = €71 (r)
12(2). Hence 12 (B (r) —t) =0so0 B (r) —t = B2 (s) for some s. But then 3; (r)
Ba(s) =t,s0t=PB(rs).

(vi) Ker (o) CIm(A): Suppose a(g) =0. Then ;(g) = oa(g) = 0. Since & (¢) =
0, g = di(p) for some p. Set n = g(p). Then h(n) = de(p) = 0pdi(p) =
02(q) =0, 50 n =1 (t) for some t. But then A(t) = d1e "'y (t) = d1e ' (n) =
di(p) =gq.

Theorem A.2.12. Given a commutative diagram of exact sequences

B; A; R; B;_4 Ay R;
B X S B —— X;_1 Si_1
A; X T; A Xi Ti 1




146 A Elementary Homological Algebra

where the vertical maps B; — B; and X; — X; are both identity maps, the vertical
map B; — A; agrees with the horizontal map B; — A;, and the vertical map A; — X;
agrees with the horizontal map A; — X;, for all i, there is a long exact sequence

---—>Ri—>Si—>Tii>A,»,1—>---

where the map d is the composition of T; — A;_ on the bottom row, followed by
the identity map from A;_1 on the bottom row to A;_1 on the top row, followed by
Ai_1 — R;_1 on the top row.

Proof. We shall observe that under the hypotheses of the theorem, the diagram
continues to commute if we insert the diagonal arrows from A; on the bottom row
to A; on the top row, with these maps being the identity maps.

Otherwise, the proof is a very elaborate diagram chase, which we omit. O

A finitely generated abelian group A is isomorphic to F & T where F is a free
abelian group of well-defined rank 7 (i.e., F is isomorphic to Z") and T is a torsion
group. In this case we define the rank of A to be r.

Op— .
Theorem A.2.13. Let 0 — C, 25 G,y 25 o = ¢ 2 Gy — 0 be a chain
complex with each C; a finitely generated free abelian group of rank d;. Let H; be
the i-th homology group of this chain complex, i =0,...,n. Then

n
(=1)'rank H; = ) (—1)'rank C;.
0 i=0

-

1

Proof. Although, with a little care, this theorem can be proven directly, it is easiest
to tensor everything with Q. We then obtain a chain complex

0—V,—Vy— - —Vi—V—0

with V; = C; ® Q a rational vector space of dimension d;. It is easy to check that if
{K;} are the homology groups of the new chain complex, then K; = H; ® Q for each
i. In particular, if r; = rank H;, then K; is a rational vector space of dimension r;.
Hence it suffices to prove that

n n

S (-1 =3 -
i=0 i=0
We prove this by induction on n. If n = 0, this is trivial. The chain complex is
then 0 — Vy — O which has the single nonzero homology group Ky = Vj, so certainly
ro = d().
Suppose it is true for n — 1, and all chain complexes.
We have d, : V, = Im(V,,) =V,_; CKer(dy—1) C V,—1. Let V' | be a comple-
ment of V,_, in Ker(d,—_1) and let V", be a complement of Ker(d,_1) in V,_;.
Then
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anl = V,:71 GBVriLl EBV,i/il

Let these three subspaces have dimensions d/,_,,d)! |, d!" |, respectively.
Then d,_1|V,” | is an injection and 9,1 (V)" ;) = dy—1(Va—1). Thus we have a
chain complex

0— V" —Vyg——V]—Vy—0

whose homology in dimension n — 1 is 0, and whose homology in dimension i <
n—1is K;. By the n — 1 case, we have

n—2 n—2
2 (-1)'ri= (2(—1>"d,»> +(=1)"(dLy).

i=0

Now K, = Ker(d,—1)/Im(dy) is isomorphic to V" |, so r,_1 =d_,. Hence

n—1 n—2
S 1y = (z<—1>fdi> L )

i=0

Now K, = Ker(dy). Since Im(d,) has dimension d,_,, Ker(d,) has dimension

d,—d| |, ie. r,=d,—d|_,.Hence

i=0

n n—2
> (=)' = <2(—1>"di> (1" ) + (1) (da—dy )

= (g(—l)idi> +(—1)n71(d;z71 +dy) +d)" )+ (=1)"d,

as claimed.
Thus by induction we are done. O

A.3 Tensor Product, Hom, Tor, and Ext

In this section we recapitulate the basic properties of the tensor product and Hom,
and introduce Tor and Ext. These constructions depend on the ring R, but we assume
R is fixed, and in the interests of simplicity suppress R from our notation. Except in
Lemmas A.3.1 and A.3.2, we assume that R is a PID.

We begin with the easiest situation.
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Lemma A.3.1. Let 0 - A — B — C — 0 be a split short exact sequence of
R-modules. Then for any R-module M,

(a) The sequence) =AM — BRQM — CRM — 0 is exact, and
(b) The sequence 0 — Hom (C,M) — Hom (B,M) — Hom (A, M) — 0 is exact.

Proof. This follows from Lemma A.1.7 and the facts that (ADC) QM = (AQM) ®
(C®M) and Hom (A & C,M) = Hom (A,M) & Hom (C,M). O
Lemma A.3.2. Let 0 — A — B — C — 0 be a short exact sequence of R-modules.
Then for any R-module M

(@) The sequence AQM — BRM — CRM — 0 is exact
(b) The sequence 0 — Hom (C,M) — Hom (B,M) — Hom (A, M) is exact.

Note the difference between the split and the nonsplit case: In the nonsplit case
we do not in general obtain five-term exact sequences. We now introduce Tor and
Ext, which measure inexactness. But first we must introduce free resolutions.

Lemma A.3.3. Let M be an R-module. Then there is a short exact sequence
® W
0O—F —F—M-—0

where Fy and Fi are free R-modules.

Proof. We can certainly find a free module Fy and an epimorphism y : Fy — M,
as follows: Let {m; };c; generate M. (We can certainly find a set of generators. For
example, we could choose this set to be all the elements of M.) Let F; be the free
R-module with basis {f};c; and let y : Fy — M be defined by y(f;) = m; for each
iel

Let F; = Ker (y) and let ¢ : F; — Fp be the inclusion. Then we certainly have a
short exact sequence

0—Ff >R M—0.

Furthermore, since R is a PID, every submodule of a free module is free, so Fj is
free as well. a
Remark A.3.4. Note we have crucially used the hypothesis that R is a PID. (It would
take us far afield to consider what happens when R is not.) %
Definition A.3.5. A sequence of R-modules as in Lemma A.3.3 is a free resolution
of M. O

Lemma A.3.6. Let M and N be R-modules. Then there is a well-defined R-module
T (i.e., independent of the choice of F and Fy) such that, if 0 - F1 — Fp - M — 0
is a free resolution of M, the sequence

0—T—F®N—FKFN—MN—0

is exact.
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Definition A.3.7. The module T of Lemma A.3.6 is the torsion product of M and N,
T = Tor (M,N). 0

We summarize the properties of the torsion product.

Lemma A.3.8. (a) If M is free, Tor(M,N) = 0 for every N.

(b) Tor(M; ®M;,N) = Tor (M;,N) ® Tor (My,N).

(c) Tor(M,N; & N) = Tor (M,N;) ® Tor (M,N>).

(d) IfN is free, Tor (M,N) = 0 for every M.

(e) Let M be a cyclic R-module, M = R/Iy, Iy an ideal of R, and let N be a
cyclic R-module, N = R/Iy, Iy an ideal of R. Let Iy = (ry), i.e., let Iy be
the principal ideal consisting of the multiples of the element ry of R and
similarly let Iy = (rn). If riy = 0 or ry = 0, then Tor (M,N) = 0. Otherwise,
Tor (M,N) = R/Iy where It = (rr) and rr = ged(ry, vn).

(f) If M is torsion-free, Tor (M,N) = 0 for every N.

(2) IfN is torsion-free, Tor (M,N) = 0 for every M.

(h) Tor(M,N) = Tor (N,M).

(i) If R =T is a field, Tor(M,N) = 0 for every M,N.

Lemma A.3.9. Let 0 — A — B — C — 0 be a short exact sequence of R-modules.
Then for any R-module N, the sequence

0 — Tor (A,N) — Tor (B,N) — Tor(C,N) = AQN - B®N - C®N — 0
is exact.

Lemma A.3.10. Let M and N be R-modules. Then there is a well-defined R-module
E (i.e., independent of the choice of F and Fy) such that, if 0 — F; — Fp - M — 0
is a free resolution of M, the sequence

0 — Hom (M,N) — Hom (Fy,N) — Hom (F|,N) — E — 0
is exact.

Definition A.3.11. The module E of Lemma A.3.10 is the extension product of M
and N,

E =Ext(M,N). O
We summarize the properties of the extension product.

Lemma A.3.12. (a) IfM is free, Ext(M,N) = 0 for every N.

(b) Ext(M, ®M>,N) = Ext(M;,N) & Ext (M>,N).

(c) Ext(M,N; ®N;) =2 Ext(M,N;) ®Ext(M,N,).

(d) Let M be a cyclic R-module, R = R/Iyy with Iyy = (ry). Then for any
R-module N,

Ext(M,N) = N/ryN
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where forr €R, rN = {rn | n € N} C N. In particular,
Ext(M,R) = R/ryR=M.
If N is a cyclic R-module, N = R/Iy with Iy = (ry), then
Ext(M,N) = R/rgR
where rg = ged(ry, 7). As a special case
Ext(M,N) =0

if ryg and ry are relatively prime.
Lemma A.3.13. Let 0 — A — B — C — 0 be a short exact sequence of R-modules.
Then for any R-module N, the sequences
0 — Hom (C,N) — Hom (B,N) — Hom (A,N)
— Ext(C,N) — Ext(B,N) — Ext(A,N) — 0

and

0 — Hom (N,A) — Hom (N, B) — Hom (N, C)
— Ext(N,A) — Ext(N,B) — Ext(N,C) — 0

are both exact.

(We need almost all of the results of this section to compute Tor and Ext,
which enter into computations of homology and cohomology. We do not need
Lemmas A.3.9 and A.3.13, but have given them to complete the picture.)

Remark A.3.14. Note that if R = is a field, this section is entirely superfluous. For
in this case every short exact sequence of R-modules is split (Lemma A.1.11), and
so Tor (M,N) = 0 and Ext(M,N) = 0 for any two R-modules M and N. O



Appendix B
Bilinear Forms

In this appendix we introduce bilinear forms and we state some of the basic
classification theorems.

B.1 Definitions

Definition B.1.1. Let R be a commutative ring and let M be a free R-module.
A bilinear form

(,Y:MxM—R

is a function that is linear in both arguments, i.e., with the property that

(1) (rimy+romy,m) = ri(my,m) + ry(my, m)
2) (m,rimi +rama) = ri(m,my) + ry(m,my)

forall ri,r» € R and all my,my,m € M. O

Note that bilinearity is precisely the condition we need to obtain
(,):M®M —R.

The appropriate equivalence relation on bilinear forms is that of isometry.

Definition B.1.2. Let ( , ) be a bilinear form on M and (( , )) be a bilinear form
on N. An isometry between these two forms is an isomorphism ¢ : M — N such that

(((p(ml),(p(mz))) = <m1,m2) for all mi,ny eEM.
In this situation, the two forms are said to be isometric. O
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Definition B.1.3. Let (, ) : M ® M — R be a bilinear form. Then (, ) defines a map
o : M — M* =Hom(M,R) by

o(my)(mp) = (my,my) forallmy e M
andamap f3: M — M* by
ﬁ(mZ)(ml) = <m1,m2> for all m; € M.

The form ( , ) is nonsingular if o and B are isomorphisms. O

Definition B.1.4. The bilinear form (, ) is symmetric if
(m1,mp) = (ma,my)
for all my,my € M, and is skew-symmetric if
(m1,mp) = —(ma,my)
for all my,mp € M. O
Example B.1.5. Let M = R" and let A be any n X n matrix with entries in R. Then
[A] is the bilinear form
[Al=(,):MxM— R by (x,y) =x'Ay
is a bilinear form. It is symmetric if A = A’ and skew-symmetric if A = —A’. Tt is

nonsingular if A is nonsingular (i.e., invertible). O

Remark B.1.6. In the situation of Example B.1.5, either & an isomorphism or  an
isomorphism implies A nonsingular, so in the finite rank case it is only necessary to
check one of these conditions. O

Remark B.1.7. Upon choosing a basis of M, a module of finite rank, every bilinear
form arises in this way. O

Here is a simple but basic construction.

Definition B.1.8. Let (, ) be a bilinear form on M and let ( , )’ be a bilinear form
on M’. Their direct sum ( , )" = (, Y@ (, )’ is the bilinear form on M" =M &M’
given by

(my +mi,my +m))" = (my,ma) + (m),my)'
for all my,my € M and m,m, € M'. Also, k( , ) denotes (, )@ ---®(, ), where
there are kK summands. O
Remark B.1.9. If, in the notation of Example B.1.5, { , ) =[A] and { , )/ = [A'], then

(,)"={(,)®(,) =[A"] with A” the block diagonal matrix A” = [§ 9. 0
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B.2 Classification Theorems

We now give some of the basic classification theorems for nonsingular bilinear
forms. First we consider skew-symmetric forms.

Theorem B.2.1. Let R =7 or a field of characteristic not equal to two. Then any
nonsingular skew-symmetric bilinear form on a free R-module M of finite rank is

k 01
-10
for some integer k. In particular, if M admits a nonsingular skew-symmetric bilinear
Jorm, then rank (M) is even.

isometric to

Next we consider symmetric forms over the real numbers R.

Definition B.2.2. A symmetric bilinear form (, ) on an R-vector space V is positive
definite if (v,v) > 0 for every v € V, v # 0, and is negative definite if (v,v) < O for
everyveV,v#£0. O

Lemma B.2.3. Let {, ) be a nonsingular symmetric bilinear form on a real vector
space V of dimension n. Let V. be a subspace of V of largest possible dimension
with { , ) restricted to V. positive definite and let V_ be a subspace of V of largest
possible dimension with { , ) restricted to V_ negative definite. ThenV =V, QV_.

Remark B.2.4. The spaces V. and V_ are in general not unique. O

Theorem B.2.5 (Sylvester’s Law of Inertia). Let ( , ) be a nonsingular symmetric

bilinear form on a real vector space V of dimension t. Let V. and V_ be as in

Lemma B.2.3, and let r = dim(V,) and s = dim(V_). Then ( , ) is isometric to
r[1]+s[—1].

Definition B.2.6. In the situation of Theorem B.2.5, the signamure o({ , )) =

r—s. O
Remark B.2.7. Since r+ s =t, a nonsingular symmetric bilinear form ( , ) on areal
vector space V is determined up to isometry by dim(V') and o (( , )). O

Lemma B.2.8. Let (, ) be a nonsingular symmetric bilinear form on a real vector
space V of even dimension t. Suppose that V has a subspace Vy of dimension t /2
such that the restriction of ( , ) to Vy is identically 0. Then o((, )) =0.

Proof. Ifv €V, NVy, and v # 0, then (v,v) >0asv €V, but (v,v) =0asv € Vy, so
this is impossible. Hence V, NV = {0}, and so r+7/2 < t. Similarly V_ NV, = {0}
sos+1/2 <t.Butr+s=t,sowemusthave r=s=1¢/2,and hence o({, )) =0.0



Appendix C
Categories and Functors

Category theory provides a very convenient, and for some purposes essential,
formulation for algebraic topology. We have minimized its use in this book, but
we give the basics here.

C.1 Categories

Definition C.1.1. A category € consists of a class of objects Obj(C) =
{A,B,C,...} and for any ordered pair (A,B) of objects a class of morphisms
Mor (A, B), with the following properties:

(1) Given any f € Mor(A,B) and g € Mor(B,C) there is their composition
gf € Mor(A,C), and furthermore composition is associative, i.e., given f €
Mor (A,B), g € Mor(B,C), and h € Mor (C, D), then h(gf) = (hg)f.

(2) Given any object A of € there is the identity morphism id4 € Mor (A,A), and,
given any pair of objects A and B, if f € Mor (A, B), then fid4 = f =idgf. ¢

Example C.1.2. (1) Obj(€)={sets} and for X,Y € €, Mor (X,Y) = {functionsf :

XY}

(2) Obj(€) = {topological spaces} and for X,Y € €, Mor(X,Y) = {continuous
maps f: X = Y}.

(3) Obj(€) = {(X,A) | X is a topological space and A is a subspace of X} and
Mor ((X,A), (Y,B)) = {continuous maps f : X — Y with f(A) C B}.

(4) Obj(€) = {abelian groups} and for G,H € €, Mor(G,H) = {group
homomorphisms f: G — H}.

(5) Obj(€) = {graded abelian groups {Gi};cz} and for {G;},{H} € ¢,
Mor (G,H) = {{fi} | fi : Gi — H; is a group homomorphism}.
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(6) Obj(¢) = {chain complexes {G;, d° : G; — G,_1}} and Mor({G;,d},

{H;,07}) = {{f;} | fi : Gi — H;is a group homomorphism with 9, f; =
fiflaic} .

(7) Obj(€) = {graded rings {G'}}. A graded ring has the additive structure of
a graded abelian group and a multiplicative structure ug : G'® G/ — Gt/

satisfying:

(a) There is an identity element 1¢ € G°.
(b) Multiplication is commutative in the sense that if o € G' and € G/, then
aB = (—1)1Ber
Mor ({G'},{H'}) = {{f'}} where {f'} is a homomorphism of graded
rings, i.e., a morphism of graded abelian groups that is also a homomorphism
of rings with identity.
(8) Obj(¢) = {CW-complexes} and Mor(X,Y) = {cellular maps f : X — Y},
where f: X — Y is cellular if f(X") C Y" for every n.
(9) Obj(€) = {pointed spaces} = {(X,xo)}, i.e., a nonempty topological space X
and a point xg € X, and Mor ((X,xp),(Y,y0)) ={f: X =Y | f(x0) =0}
(10) Obj(€) = {groups} and Mor (G,H) = {group homomorphisms f : G — H}.
(11) Obj(€) = {cochain complexes {G', 8. : G' — G'"'}} and Mor({G', [5},
{H,8i}) = {{f'} | f': G' — H'is a group homomorphism with 8} f; =
fi+165}- 0

C.2 Functors

Given two categories € and D, we may regard them each as objects and ask for the
appropriate notion of a function between them. This notion is that of a functor, and
comes in two varieties.

Definition C.2.1. Let € and ® be categories. A covariant functor T : € — 9
consists of:

(1) A function T : Obj (€) — Obj (D).
(2) A function T : Mor (Cy,C,) — Mor (Dy,D;), where C; and C, are objects of €,
and D; =T (Cy), Dy = T(C3), objects of ©, with the properties:

(a) T(idc) = idy ) for any object C of €.
(b) If Cy, Gy, and C; are objects of €, f € Mor(Cy,C,), and g € Mor (C,,C3),
then T'(gf) =T (8)T (f).

A contravariant functor T : € — O consists of:

(1) A function T : Obj (€) — Obj (D).
(2) A function T : Mor (Cy,C,) — Mor (D,,D1), where C; and C, are objects of €,
and D; =T (Cy), Dy = T(C3), objects of ©, with the properties:
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(a) T(idc) = idy(c) for any object C of €.
(b) If Cy, Gy, and C3 are objects of €, f € Mor(C;,C3), and g € Mor (C,C3),
then T(gf) =T ()T (g). O

In the following example, we just give the objects of the categories involved.
The morphisms should be clear.

Example C.2.2. (1) Let € = {pointed spaces} and © = {groups}. We have the
covariant functor T : € — © given by T'(X,x0) = mi(X,x0). If f: (X,x0) —
(Y,y()) then T(f) =fi:m (X,X()) — M (Y,y()).

(2) Let € = {(X,A)} pairs of topological spaces and let © = {graded abelian
groups}. We have the covariant functor 7 : € — © given by T(X,A) =
{H:(X,A)}, and if f: (X,A) — (Y,B), T(f) = {f; : H(X,A) — Hi(Y,B)},
for any fixed homology theory. Similarly, we have the contravariant functor
T:¢— D givenby T(X,A) = {H(X,A)}, and if f: (X,A) — (Y,B), T(f) =
{f": H(Y,B) — H(X,A)}, for any fixed cohomology theory.

(3) In this and the remaining examples, we simply describe what T does on objects;
its effect on morphisms should then be clear.

Let € = {chain complexes} and © = {graded abelian groups}. Then 7 : € —
D by T({C;}) = {H;} where {H;} are the homology groups of {C;}. Similarly,
if € = {cochain complexes} we have T : € — © by T({C'}) = {H'} where
{H"} are the cohomology groups of {C'}. Note in both cases T is covariant.

(4) Let € = {chain complexes} and © = {cochain complexes}. Let T : € — D be
the contravariant functor given by T ({C;}) = the dual cochain complex {C' =
Hom (C;,Z)}.

(5) Let € = {topological pairs (X,A)} and let © = {chain complexes}. Let T : € —
D be the covariant functor given by T(X,A) = {C;(X,A)}, the singular chain
complex of the pair (X,A).

(6) Let € = {(X,A)} pairs of topological spaces and let © = {graded rings}. We
have the contravariant functor 7 : € — ® given by T(X,A) = {H(X,A)} where
H'(X,A) denotes singular cohomology. (We have constructed a ring structure
on singular cohomology in Sect.5.6.)

(7) Let € = {CW-complexes} and © = {graded abelian groups}. Then T : € —
D by T(X) = {H*(X)} is a covariant functor and T : € — D by T(X) =
{H!,,(X)} is a contravariant functor. Note that f € Mor (X,Y) induces maps on
cellular homology or cohomology as by the definition of &, Mor (X,Y) consists
of cellular maps. O

Remark C.2.3. Suppose that H;(X,A) is singular homology, and that H'(X,A) is
singular cohomology. Then the covariant functor in Example C.2.2(2) is in an
obvious way the composition of the covariant functor in (5) with the covariant
functor in (3), and the contravariant functor in (2) is in an obvious way the
composition of the covariant functor in (5), the contravariant functor in (4), and the
covariant functor in (3). Note that the functors in (3) and (4) are purely algebraic. It
is the functor in (5) that makes the connection between topology and algebra. ¢
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category of, 93
cup length of, 93
standard cube, 55
boundary of, 56
standard generators, 38
suspension, 4, 29, 125
reduced, 33
Sylvester’s Law of Inertia, 153

T

tensor product, 147

topological group, 8

Tor, or torsion product, 147, 149
tree, 16

U
unique path lifting, 8

Universal coefficient theorem, 67, 75, 76, 78

\%
van Kampen’s theorem, 13

w
weak topology, 39
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